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Abstract. Wc give dimcnsion-frcc regularity conditions for a class of possibly de- 
generate sub-elliptic equations in the Hciscnbcrg group exhibiting super-quadratic 
growth in the horizontal gradient; this solves an issue raised in 1401 , where only 
dimension dependent bounds for the growth exponent are given. We also obtain 
explicit a priori local regularity estimates, and cover the case of the horizontal p- 
Laplaccan operator, extending some regularity proven in 1171 . In turn, the a priori 
estimates found are shown to imply the suitable local Caldcron-Zygmund theory 
for the related class of non-homogeneous, possibly degenerate equations involving 
discontinuous coefficients. These last results extend to the sub-elliptic setting a few 
classical non-linear Euclidean results 1301 1141 , and to the non-linear case estimates 
of the same nature that were available in the sub-elliptic setting only for solutions 
to linear equations. 
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1. Introduction 
The regularity in question concerns sub-elliptic equations of the type 

2n 

(1.1) divHa(3£u) = XiO,i(3iu) = 0, 

i=l 

which are defined in a bounded, open sub-domain Q of the Heisenberg group i™, n > 1. 
The vector field a — (a*): R 2n i— > R 2 ™' is assumed to be of class C 1 and satisfying the 
following growth and ellipticity conditions: 

(1.2) \Da(z)\(/ + \z\ 2 )? + \a{z)\ < L(p 2 + M 2 )^, 
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and 

2 n 

(1.3) u(p 2 + \z\ 2 ) E ^\X\ 2 < D z .a,i(z)\i\ h 

for every z, A G R 2n , where 

< v < 1 < L , fj, £ [0, 1] , p>2 . 
At certain stages we shall assume the (sub-elliptic) non-degeneracy condition 

(1.4) fi > . 

Assumptions (|1.2|l - (|1.3p are standard when considering quasi-linear equations, and their 
consideration traces back to the classical Euclidean work of Ladyzhenskaya & Uraltseva 
36 . Such assumptions are clearly tailored on the basic model equation 

(1.5) div H ^( M 2 + \Xu\ 2 ) ^ Xu\ = , 

whose left-hand side operator reduces to the Kohn-Laplacean for p — 2, while taking n = 
we have the also familiar horizontal p-Laplacean operator on the left-hand side: 

(1.6) div H (\Xu\ p - 2 Xu) = . 

In order to preliminarily fix some notation, let us recall that we are denoting points 
x £ H" EE R 2n+1 by mean of the usual exponential coordinates 

(1.7) X = (xi,X 2 , ■ ■ ■ ,X n ,X n +l, ■ ■ ■ ,X 2n ,t) , 
while throughout the paper we are denoting 

(1.8) X t ee Xi(x) = d Xi - ^yift, X n+i =X n+i (x) = d Xn+i + ^d t , 
and 

(1.9) T = T{x)=d t , Xu = (X 1 u,X 2 u ! ...,X2nU). 

The functional ambient of the problem is the sub-elliptic Sobolev space HW 1 ' P {Q) 

(see Section T2.4I below) . that is, solutions u axe assumed to belong to L P (Q) and to satisfy 

(1.10) IneL^.R 2 "), 

while nothing is assumed about Tu. We recall that if F = (Ft) : Q — > R 2 ' 1 is an L 1 vector 
field in the following we shall denote the horizontal divergence operator by 

2n 

div H F = J2 X ^ F ^ > 

i=l 

which is obviously defined in the distributional sense. We refer to Section 2 for more on 
the Heisenberg groups H n , n = 1,2,3..., and for the related notation adopted in this 
paper. 

1.1. Gradient regularity. The study of regularity properties of weak solutions to (|l.l|l 
started with the classical paper of Hormander |29] . which dealt with general vector fields 
and linear equations, and was later followed by other remarkable contributions devoted 
to the linear CcLSSj £LS for instance [221 1211 134] . Capogna was the first to obtain Holder 
continuity theorems for the gradient of solutions to quasi-linear sub-elliptic equations in 
divergence form: initially in the Heisenberg group [7], and then in more general Carnot 
groups [5]; see also his thesis [BJ. The operators considered in [7J[H] have quadratic growth, 
that is, they satisfy (ll.2p - (ll.3p for p — 2, so that equations as those in (ll.5p - (|1.6|l are not 
covered by his theory unless a priori regularity assumptions are made on the gradient. The 
case p > 2 is another story; indeed while Holder continuity of u has been obtained in [9ll37]. 
when considering the gradient of solutions only partial regularity results are available, that 
is, the regularity of the gradient outside a closed, negligible subset of the domain Q; this 
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fact has first been established by Capogna & Garofalo in 10 ; another proof is given by 
Foglein |20| . When turning to everywhere continuity of Du, the regularity results obtained 
prescribe that the exponent p should not be "too far from 2", roughly meaning that the 
non-linearity of (|l.ip is in some sense not too strong. In this respect, Domokos [15] . 
extending earlier, pioneering results of Marchi [41] . proved that Tu G Lf oc (Q,) if p < 4, 
which proved to be an up-to-now unavoidable upper bound on p, coming in a particularly 
natural way from the analysis of (|l.ip . Proving that Tu G Lf oc (Q.) is of course the first 
fundamental step towards the regularization of solutions u to (|1.1[) . since for them the 
initial regularity information is just (|1.10p . As for the higher regularity of Du or Xu, a 
few Holder regularity results are available in [111 1161 1171 140] ; a common feature of such 
papers is to prove regularity results for solutions assuming not only that p < 4, but also 
an additional dimensional bound of the type 



where o n > denotes a rather awkward, and only in principle explicitly computable 
quantity, such that o„ \ when n f oo. An unpleasant feature of an assumption such 
as (|1.11[) is that for a fixed p in the range [2, 4) only low dimensional Heisenberg groups 
can be dealt with. For instance, considering the full range [2,4), the regularity results 
available in [3D] only apply to H 1 and H 2 ; we note that the paper [3D], where up to now 
the best bounds of the type (|1.11[) have been found, only regards the non-degenerate 
case /i > 0. Indeed, we explicitly remark that only few regularity results are available 
in the (sub-elliptic) degenerate case n = 0, and therefore for solutions to (|1.6|l . See [16] ; 
moreover, in the degenerate case the quantity o n in (|l.ll[l is not explicitly computable. 

In this respect, the aim of the present paper is now twofold: first we are giving the first 
dimension-free pointwise regularity results for gradients of solutions, therefore completely 
avoiding the use of any dimensional assumptions of the type (|1.11[) . Second, and probably 
more interestingly, up to a certain extent we shall also treat the degenerate case fi — 
0, thereby covering the sub-elliptic p-Laplacean equation (|1.6[) . For instance, we shall 
prove the local Lipschitz continuity of solutions with respect to the intrinsic Carnot- 
Caratheodory metric. 

The first result we are presenting regards the non-degenerate case /j, > 0. 

Theorem 1.1 (The non-degenerate case). Let u G HW 1,p (p.) be a weak solution to the 
equation (|l.ip under the assumptions (|1.2[) - (|1.4f) with 2 < p < 4. Then the Euclidean 
gradient Du is locally Holder continuous in f2. 

See Section 2.4 below for the definition of the Horizontal Sobolev space HW 1 ' P . The 
previous result solves an issue raised in [40], where the authors were able to obtain the 
same degree of regularity only under an additional assumption of the type (|l.lip . As later 
described in Section 1.3, we shall adopt here different technical tricks from the ones used 
in [40] ; these will allow us to develop more efficient bootstrap procedures. 

Theorem ll.il comes along with explicit a priori estimates: 

Theorem 1.2 (Non-degenerate estimates). Let u G HW 1,p {yi) be a weak solution to the 
equation (|l.ip under the assumptions (|1.2l) - (|1.4p with 2 < p < 4. There exists a constant 
c, depending on n,p and L/v, but otherwise independent of fj,, of the solution u, and of 
the vector field a(-), such that the following inequalities hold for any CC-ball Br C fi; 



(1.11) 



2 < P < 2 + O; 



'n 



(1.12) 




and 



(1.13) 
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Finally, for every 1 < q < oo there exists a constant c depending only on n,p, L/v,q such 
that 

(J..J.J.) U \Tu\«dx) <-|(7 (n+\Xu\rdx"* 

\Jb r/2 ) n \IB R 



For the definition of CC-balls and more notation see Section [2.31 below. See also (|2.9[1 
for more notation. Next we turn to the degenerate case p, = 0, where the chief model 
example is 1)1.60 . 

Theorem 1.3 (The degenerate case). Let u G HW 1,V {Q.) be a weak solution to the 
equation fll.lj l under the assumptions (|1.2[) - (|1.3|) with /i — 0, where 2 < p < 4. Then 

(1.15) Xm £ Li£ c (Q, R 2n ), and Tu 6 L* oc (n) /or euery q < oo . 

Moreover there exists a constant c, depending on n,p,Ljv, but otherwise independent of 
the solution u, and of the vector field a(-), such that the following inequality holds for any 
CC-ball B R C ft: 

(f V /P 

(1.16) sup \Xu\ < c I +• \Xu\ p dx ) 

Br/2 VB s / 

Finally, for every q < oo £/iere exists a constant c depending only on n,p,L/v,q such that 

(1.17) (l \Tu\ q dx^j <^{j- \Xu\ p dx" 



The previous theorem partially extends some regularity results proven in [T7], where 
the authors work under an assumption of the type (|1.11[) . this time o n being a small, 
unspecified quantity coming from the application of abstract Cordes type condition meth- 
ods. In turn, the boundedness of the horizontal gradient naturally yields a priori Lipschitz 
bounds: 

Corollary 1.1 (CC- Lipschitz regularity). Let u £ HW ' p (£l) be a weak solution to the 
equation (|l.ip under the assumptions 1)1.20 - Q1.3| l with 2 < p < 4. Then u is locally Lipschitz 
continuous in il with respect to the CC-metric in H n . Moreover there exists a constant c, 
depending only on n,p,L/u, but otherwise independent of n, of the solution u, and of the 
vector field a(-), such that 

(1.18) \u{x)-u{y)\<c(J- (n+ \Xu\) p dx^j ^ d cc {x,y) . 

holds whenever Br C Q, and x,y G -Br/2- 

See ()2.4[l below for the definition of the intrinsic distance d cc (-, ■). Another consequence 
of the Theorem 11.31 and of the standard, Euclidean Sobolev-Morrey embedding theorem, 
is now the following: 

Corollary 1.2 (Almost Euclidean-Lipschitz regularity). Let u G HW 1,P (Q,) be a weak 
solution to the equation (|1.1)) under the assumptions ()1. 20 - 1)1. 3|) with 2 < p < 4. Then 
u e C°£(Q) for every a < 1. 

Needless to say, in the last result the Holder continuity is referred to the standard 
Euclidean metric. We finally mention that the previous theorems are stated for 2 < p < 4 
for completeness, since in the automatically non-degenerate case p = 2 they are essentially 
due to Capogna [?]• 
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1.2. Calderon-Zygmund type estimates. The estimate (|1.16[) found in Theorem 11.31 
opens the way to a non-linear version of the estimates of Calderon-Zygmund type in the 
the Heisenberg group, up to now developed only in the case of linear sub-elliptic equations 
OS]. Here we shall deal with non-linear equations. Let us recall that in the Euclidean 
setting this is a classical result dating back to T. Iwaniec [30] in the scalar case, and later 
extended to systems of p-Laplacean type in [14] by DiBenedetto & Manfredi; see also [5] 
for a different approach. The equations considered by such authors are modeled by 

(1.19) div {\Du\ p - 2 Du) = div {\F\ p -' 2 F) , 

in open subsets of R n , and the result asserts that F G L q oc implies Du G L q oc for any 
q > p. More recently Calderon-Zygmund type estimates valid for solutions to general 
non-linear elliptic systems have been proposed in [35] . and, following the techniques of 
this last paper, in the Heisenberg group case in [25] for certain non-linear problems with 
quadratic growth, that is, when p — 2. An extension for linear equations in CR manifolds 
has been obtained in |44] . In the following we shall give higher integrability results for 
problems with possibly super-quadratic growth p > 2. The equations we are considering 
are the natural horizontal version of (|1.19jl . involving possibly discontinuous coefficients 
of VMO type; specifically 

(1.20) div H [b(x)a(Xu)} = div H (\F\ p - 2 F) , 
with 

(1.21) i(') £ VMOioc(O) and v<b(x)<L. 

See Section ^. 5l for the precise definition of the space VMOi oc (fi). The prototype of (11.20[) 
is clearly the non-homogeneous p-Laplacean equation with VMO-coefficients, that is 

(1.22) divjf (b(x) \Xu\ p ~ 2 Xu) = divH (\F\ p - 2 F) , 

where v < b(x) < L satisfies (fOl) . and F G L p ({l,R 2n ). The main result is the following: 

Theorem 1.4 (of Calderon-Zygmund type). Let u G HW '(£1) be a weak solution to the 
equation (|1.20|) under the assumptions (|1.2[) - (|1.3[) with 2 < p < 4, and (|1.21|) . Then 

F G L? oc («, R 2 ' 1 ) implies that Xu G L? oc («, R 2n ) , 

whenever p < q < oo. Moreover there exists a constant c, depending only on n,p, L/v,q, 
and the function &(•), such that the following reverse-Holder type inequality holds for any 
CC-ball B R <s a- 

(1.23) (l \Xu\ q dx] <c(l (n + \Xu\) p dx) +c(-f \F\ q dx 
\Jb r/2 J \Jb r J \Jb r 

For an alternative statement concerning the dependence of the constant in (| 1.23ft see 
also Remark 110.11 below, while for a more precise dependence on the various constants 
see Remark 110.21 Let us recall that in the Euclidean case there is a wide literature on 
Calderon-Zygmund type estimates for linear problems with VMO-coefficients starting from 
the Euclidean work of Chiarenza & Frasca & Longo [12] . dealing with linear problems. A 
non-linear approach has been proposed in [33] . As for the sub-elliptic setting, the theory 
is confined to the linear case [3], where the case of Hormander vector fields are considered. 
In this paper we give the first results for non-linear problems with VMO coefficients, 
allowing also for BMO coefficients with small BMO semi-norm, see Remark 111.11 below. 
Anyway we remark that the integrability results obtained here are new already in the case 
b(x) = 1 - that is, when no coefficients are involved. Moreover, we remark that the result 
of Theorem [L4] extends to a family of more general equations with continuous coefficients; 
the corresponding statements are presented at the end of the paper. 
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1.3. Technical approach, and novelties. The approach proposed in this paper strongly 
differs from those proposed in earlier ones. Indeed, a common strategy for attacking the 
regularity problem in the sub-elliptic setting, going back to Hormander [29] and then 
followed in subsequent works [211 1221 171 18]. is to first obtain separately a certain maximal 
regularity for the vertical part of the gradient Tu, and then, using such an additional 
information, obtaining regularity results for the horizontal part Xu. Such an approach 
is for instance followed also in the non-linear setting in [7j E], where it turns out to be 
successful since p — 2. We take different path, hereby proposing a double-bootstrap 
method: we shall obtain regularity for Tu using the one obtained for Xu, and vice-versa. 
More precisely we shall prove that 

(1.24) Tu G L qk => Xu 6 L Pk and Xu € L Pk Tu G L qk+1 

where {pk} and {qk} are two sequences diverging to infinity; in some sense we repeat 
Hormander's original strategy breaking it in a countable number of pieces. As a first 
consequence we obtain that 

(1.25) Xu,Tu £ L q for every q < oo , 

while we remark that all the foregoing inclusions are meant to be local since no boundary 
information is a priori given on solutions. The use of such a mixed iteration is a direct 
consequence of the non-linearity of equation fll.ip . since Tu cannot be realized as a solution 
of a similar equation, and a deeper interaction between the horizontal and the vertical parts 
of the gradient must be exploited. The implementation of (|1.24[) requires a rather delicate 
interaction between: suitable Caccioppoli type estimates - also called energy estimates - for 
the horizontal and vertical gradients, see Section 5; interpolation inequalities of Gagliardo- 
Nirenberg type in the Heisenberg group, see Section 4; integration-by-parts methods, see 
Section 7; a certain kind of non-standard energy estimates of mixed type, see Section 
6. A careful combination of such ingredients will lead to (|1.24[) . Once the integrability 
information in (|1.25p is gained, a suitable variant of Moser's iteration technique will lead 
to Xu € L°°, see Section 8. Finally, in the non-degenerate case y, > this will lead to 
Tu £ L°° via the results in [40], and eventually to the local Holder continuity of the 
Euclidean gradient, which is a standard implication after the work in [Ul IT1 14U| . 

An important background of our technique is the observation of the natural analogy 
between sub-elliptic equations of the type {LT}, and the more classical Euclidean non- 
uniformly elliptic equations, or "equations with non-standard growth conditions" , or with 
"(p, g)-growth conditions", as very often called in the setting of the Calculus of Variations 
[181119] . In fact, our techniques are inspired by those developed for such situations, see for 
instance 2 , although the implementation in the Heisenberg group requires a completely 
different technical approach. Problems with non-standard growth indeed involve equa- 
tions featuring ellipticity properties which appear to be weaker in certain special spatial 
directions: this immediately reminds of the situation of horizontal quasi-linear equations 
in the Heisenberg group as (|l.l[l , where the vertical derivative Tu does not appear directly 
in the operator. It rather appears only in an intrinsic way, via the horizontal vector fields 
Xu and after commutation, see (|2.1[l below, and therefore the vertical direction is clearly 
playing a very special role. Such a lack of "vertical ellipticity" is in fact the basic source 
of problems in the theory of elliptic equations in the Heisenberg group. 

As mentioned above, a key ingredient for the subsequent results are the explicit a priori 
estimates (|1.12[) and (| 1 . 16 p . Indeed, these will allow for a suitable application of recent 
non-linear techniques for obtaining higher integrability estimates for non-homogeneous 
equations 5 35 . Here, due to the presence of the VMO coefficients, we shall use these 
in combination with various maximal operators, and higher integrability estimates in the 
spirit of Gehring's lemma. Observe that, due to the non-linearity of the problems we are 
considering, the standard approaches based on harmonic analysis tools such as, singular 
integrals, commutators, and so forth, are not available in the present setting. 
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Finally, let us summarize the content of the paper. In Section 2 we shall collect prelim- 
inaries concerning the sub-elliptic setting, while in Section 3 we shall re-visit and re-state 
in a suitable way a few known regularity results for elliptic equations in the Heisenberg 
group. Sections 4-7 are devoted to the implementation of (|l,24l) . in the way described a 
few lines above. Here we shall else re- visit some arguments from [40], and we shall use 
the a priori boundedness of the solution already obtained in [9]. In Section 8 we prove 
//""-estimates for the gradient and therefore Theorems 11.11 11.21 Section 9 is devoted to 
the degenerate case: we prove Theorem 11.31 by combining Theorem 11.21 with a standard 
approximation method, and then we obtain Corollaries I1.H1721 The proof of Theorem 1 1.4 1 
is in Section 10, while in Section 11 we give a few possible generalizations of Theorem 1 1.41 
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Variazioni" , and by GNAMPA via the project "Singularities and regularity in non-linear 
potential theory". Part of this work was done while G. M. was visiting the Universities of 
Warsaw, Helsinki and Erlangen-Niirnberg, in May, June and August 2007, respectively. He 
wishes to thank all the members of the institutions for the nice hospitality. A.ZG. would 
like to thank her hosts at the Helsinki University of Technology and at the University of 
Jyvaskyla. X. Z. is supported by the Academy of Finland, project 207288. The authors 
wish to thank Anna Foglein for remarks on a first version of the manuscript. 

2. Notation, preliminaries 

2.1. Notations, conventions. In this paper we shall adopt the usual, but somehow ar- 
guable convention to denote by c a general constant, that may vary from line to line; pecu- 
liar dependence on parameters will be properly emphasized in parentheses when needed. 
More precisely we shall usually denote c = c(a,/3,y, . . .), meaning that that c is actually 
an increasing (or decreasing) function of a, j3, 7, . . .; in general c / 00 when either one of 
the parameters goes to infinity or to zero. For this reason, when dealing with a constant 
potentially depending on several parameters, in the case when one of the parameters re- 
mains bounded, the constant is in fact independent on the parameter in question. Specific 
occurrences will be clarified by the context. Moreover, special occurences will be denoted 
by c» , ci , C2 or the like. In this paper all the constant named by c» , c\ , C2 and so on will 
be assumed without loss of generality to be larger than 1. The scalar product between 
elements 21,22 of R 2 " will be denoted by (21,22}; very often, when no ambiguities will 
arise, we shall simply denote (21, 22} = 2122. Finally {ei, . . . , e2n+i} denotes the standard 
basis of R 2n+1 . 

In the following, several of the integral estimates for solutions to (|l.lf) will involve 
constants depending on the ellipticity /growth parameters /i and L, displayed in (|1.2|l - 
(|1.3[) . Without loss of generality, eventually replacing the vector field a(-) by a(-)/v we 
may assume that v = 1. Therefore, scaling back, we see that all the constants depending 
on v, L will actually depend on the unique quantity L/v, and as such they will be denoted 
for the rest of the paper. 

2.2. Heisenberg groups. We identify the Heisenberg group H" with K 2n+1 , n > 1, via 
the exponential coordinates in (|1.7|l . see also (|2.3[) below. The group multiplication is 

given by 

(xi, ...,x 2n ,t) ■ (yi, ...,y 2n ,s) 

1 - 

= (xi + yi, ■■■,x 2n + V2n,t + s + - )Xxiy n+i - x n+t yi)) , 

1 = 1 

and makes H n a non-commutative group. For 1 < i < n the canonical left invariant vector 
fields are those in (|1.8|l - (|1.9|l . The only non-trivial commutator is 

(2.1) T = dt = [Xi,X n+i ] = XiX n+i — Xn+iXi, for every i = 1, . . . ,n . 
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The vector fields X\ , X2 , ■ ■ ■ , X2n are called horizontal vector fields, while T is the vertical 
vector field. The horizontal gradient of a function u: H n 1— > R is the vector Xu defined 
in (|1.9[) . The vector fields {Xi}i enjoy the remarkable property of being opposite to their 
formal adjoint, that is 

(2.2) X-=-Xi, for every i = l,...,2n. 

The second horizontal derivatives are given by the 2n x 2n matrix XXu = X 2 u with 
entries (X(Xu)) i . = (XXu) i . = Xi(Xj(u)). Note that such a matrix is not symmetric 
due to the non-commutativity of the horizontal vector fields Xj. We shall denote the 
standard Euclidean gradient of a function u as Du = {D\u, . . . , D2 n +iu). For notational 
convenience, when referring to the coordinates and vector fields in 1)1.70 - 1)1.80 we shall also 
denote Y s = X a+n and y s = x s+n , for s G {1, . . . , n}. 

The Heisenberg Lie algebra f)" is a step 2 nilpotent Lie algebra. This means that f) n 
admits a decomposition as a direct sum of vector spaces t) n = f)o©f)i such that [f)o, f)o] = f)i- 
The horizontal part f)o is generated by {Xi, . . . , X„, Yi, . . . , Y n } and the vertical part f)i 
by T. Note that f) n is generated as a Lie algebra by tjo- 

The exponential mapping exp: t) n 1— > H" is a global diffeomorphism. A point x £ IT 
has exponential coordinates (xi, . . . , x n , yi, . . . , y„, t) if 

(2.3) x = exp (Jj^XiXi +y l Y^j +tT 

The identification between H", f)™, and R 2n+1 is precisely the use of exponential coordi- 
nates in H n , and it is already used in p. 7)1 ; in the following we shall denote exp(Z) = e z . 
The horizontal tangent space at a point x G H™ is the 2n-dimensional subspace 

Th(x) = linear span{Xi(a;), . . . , X n (x), Yi(x), . . . , Y n [x)}. 

A piecewise smooth curve t 1— ► y(t) is horizontal if *y'(t) 6 T/,(7(t)) whenever 7'(t) exists. 
Given two points x,y £ H n denote by r(a;,j/) = {horizontal curves joining a; and ?/}. 
Chow's accessibility theorem p3] implies that T(x, y) 7^ 0. 

For convenience, we fix an ambient Riemannian metric in H" so that the set f)o = 
{Xi, . . . , X n , Yi, . . . , Y n } is a left invariant orthonormal frame and the Riemannian volume 
element and group Haar measure agree, and are equal to the Lebesgue measure in R 2n+1 . 
The Carnot-Caratheodory metric (CC-distance) is then defined by 

(2.4) d cc (x, y) = inf{length( 7 ) : 7 G T(x, y)}. 

It depends only on the restriction of the ambient Riemannian metric to the horizontal 
distribution generated by the horizontal tangent space. In the following, with A, B C 
i" being non-empty subsets, we denote dist(^4,_B) := inf {d cc (x, y) : x G A, y G B}, 
the Carnot-Caratheodory distance between sets. For more on CC-distances and general 
properties of metrics related to vector fields we refer to the classical paper [43] . 

2.3. CC-balls, and the homogeneous dimension Q. The Carnot gauge is \x\ cc — 
d cc (x,0). A few explicit formulas are available Q], but it is probably more convenient to 
work with an equivalent gauge [I], smooth away from the origin, called the Heisenberg 
gauge: 

(2.5) |x|h» := ^Xjx? + y?J +i ' X 

In this paper all the balls, centered at xo G H n and with radius R, will be defined with 
respect to the CC-distance, that is B(xo, R) — {y G H n : dcc(xo, y) < R}- In view of 1)2.50 
they are equivalent to the gauge balls obviously defined by {y G H n : \y~ l ■ xoja" < R}- 
The non-isotropic dilations are the group homorphisms given by 

(2.6) Sr (xi, . . . , x n , 2/1, • ■ • y n , t) = (Rxi, . . . ,Rx n , Ryi, ■ ■ ■ Ry n , R 2 t) , 
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where R > 0. The point is that we get the ball centered at the origin of radius R > by 
applying the non-isotropic dilation Sr to the unit ball centered at the origin, that is 

(2.7) B(0,R)=5 R B(0,1) . 



The equivalence (|2.5[) and the natural scaling in (|2.6|l leads to define the number Q = 2n+2 
as the homogeneous dimension of H n . In particular, we have \B(xq, R)\ « R® , where \Br\ 
denotes the Lebesgue measure of the ball B(xo,R). From such an estimate the doubling 
property of the CC-balls Br easily follows; specifically, for any B(xo, R) C H n , there holds 

(2.8) \B(x ,2R)\<C d \B{x ,R)\ . 

In the following, when clear, or not essential to the context, we will omit the center 
of the ball Br = B(xq,R) and, if not otherwise stated, when considering several balls 
simultaneously, they will be concentric. Finally, again when no ambiguity will arise, we 
shall also denote XB = B(xo, XR), if B = B(xq,R), and, when the center of the ball will 
not be important, we shall use the short-hand notation B(xo,R) = Br. Moreover, when 
some constant will depend on the homogeneous dimension Q, such a dependence will be 
very often indicated as on the number n. 

Let Br C R" be a ball, and / : Br —> R fc be an integrable map; we define the average 
of / over the ball Br as 

(2.9) (f) R = (f) BR ~-f f( x )dx=-±- [ f{x)dx^R~ Q I' f(x)dx. 

J Br \ a R\ Jb r Jb r 

The following Krylov-Safonov type covering lemma may be inferred from [321 125] . 

Lemma 2.1. Let Br C H" be a ball with radius R, and let 5 G (0,1). Assume that 
E,G C Br are measurable sets such that \E\ < S\Br\. Assume also that for any ball 
B(xo, g) centered in Br, with g < 2R, and such that \E n B(xo, 5g)\ > S\Br n B(xo, g)\, 
there holds E n B(xo, 5g) C G. Then it follows that \E\ < S\G\. 

2.4. Horizontal Sobolev spaces and weak solutions. The horizontal Sobolev space 
HW ,p (fi) consists of those functions u £ L p (£l) whose horizontal distributional deriva- 
tives are in turn in L P (Q.), that is 3Zu € L p (f2,R 2n ). HW 1,p (fl) is a Banach space when 
equipped with the norm defined by \\u\\ HW i, P(n) := ||w||ij>(n) + ||3^«||i^(n,Ka»), for p > 1. 
The closure of Co°(Q,) in HW 1 ^^) is denoted by i2W 1>p («), while the local variant 
HW^(Q,) is obviously defined by saying that u G HW^{Q) if and only if u € HW^ p (fl'), 
for every open subset Q' (s Q. Now, keeping (|2.2|) in mind, a weak solution to the equation 
(fi~20)) with F e L p (n, R 2n ) is a function u G HW hp (n) such that 



(2.10) 



n p Alt 

/ b(x)Y]ai(Xu)Xiipdx= / y]\F\ p ~ 2 FiXnpdx, for all tp G HWq' v (Q.) . 
Therefore, when considering equation this means to require that 

„ 2n 

(2.11) / S2ai(Xu)Xnpdx = 0, for all ip G HWq' p (Q) . 

A crucial result concerning horizontal Sobolev spaces is the following Heisenberg group 
version of the Sobolev embedding theorem. 

Theorem 2.1. Let w G HWl' q (B) with 1 < q < Q, where B C H" is a CC-ball. Then 
there exists a constant c = c(n, q) such that 

Q-q , i 

(2.12) dxj^ < c\B\% (J- \3iw\ q dx 
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A proof of the previous result can be found for instance in [9j [37] , where the statement 
is given in the case of balls with a suitably small radius r < Rq. The general case stated 
above easily follows by a standard scaling argument, using the dilation operator in (|2.6|l 
and (12. 7|) . See also the proof of Proposition l7.1l below. end of Step 2. 



2.5. Vanishing mean oscillations. Let b: fl — > R be a measurable function, and Q' <s Q; 
we define 

(2.13) [b] Ro = [b] RotS1 , := sup / \b(x) - (b) BR \dx , 



Be 

where Ro > 0, Br is any CC-ball with radius R, and, accordingly to (12. 9[) 

(2.14) (b) R = (b) BR :=f b{x)dx. 

Jb r 

The function b is said to have (locally) vanishing mean oscillation, that is, to be a VMO- 
function iff, for every choice of the subset Q' <s Q it holds that 

(2.15) WW = ' 

2.6. Difference quotients. Here we recall a few basic properties of the difference quo- 
tient operators in the Heisenberg group. 

Definition 2.1. Let Z be a vector field in H". The difference quotient of the function w 
at the point x is 

z , \ w(xe hz ) - w(x) 
D h w{x) = — — , h^=0. 



The latter definition will be always used whenever the function w in question is defined 
both at xe z and at x. The following lemma collects a few standard properties of difference 
quotients that can be for instance inferred from 1291, 71 [TBI 1241 HO] , 



Lemma 2.2. Let fi' (E fi be an open subset. Let Z being a left-invariant vector field, and 
w € Lf oc (£l) for p > 1. If there exist two positive constants a < dist(f2', dQ,) and C such 
that 



sup f \D z w\ p dx<C p 
<|h|<<T Jn' 



o<\h\<ir Jn' 

then Zw £ L P (Q') and \\Zw\\ LP (qi) < C . Conversely, if Zw £ L P (Q.') then for some a > 



sup / \D h w\ p dx < c(p)\\Zw\\ p LP(ny 

0<\h\<a Jil' 

Moreover D z w Zw strongly in L P (Q.'). 

Finally a trivial lemma, which is basically a consequence of the Campbell-Hausdorff 
formula; the proof is left to the reader. 

Lemma 2.3. Let if £ HW ' '(SY) , and X, Z be smooth left-invariant vector fields such that 
[X,Z]ip 6 L* oc (f2) ; with t > 1. If Cp := <p(xe ) then Xtp G L{ oc (SY) and 

(2.16) X[<p{-e z )](x) = Xtp(x) = Xtp(xe z ) + [X, Z]<p(xe z ) 
holds provided x,xe z £ Q. As a consequence we have, for h ^ 

(2.17) X{D$<p)(x) = D z h (X<p)(x) + [X, Z]<p(xe hz ) . 
Before going on, first two algebraic lemmata; see [28], for instance. 
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Lemma 2.4. Let 1 < p < oo. There exists a constant c — c(n,p) > 1, independent of 
H G [0, 1], such that, for any zi,Z2 G R 2n 

p — 2 pi 

c- 1 ^ 2 + |zi| 2 + N 2 ) 2 < J +\z 2 + Tz 1 \ 2 ) E ^ dr 

p-2 

(2.18) < c(V + \ Zl \ 2 + |2 2 | 2 )^~. 

Lemma 2.5. Let 1 < p < oo. There exists a constant c = c(n,p) > 1, independent of 
H G [0, 1], smc/i that, for any 21,22 6 R " 

p-2 2 

-l/ 2 . 1 2 . 1 i2\ 2 1 2 - ,-2,1 i2n^=^ / 2 1 I |2-|-t=5 I 

C 1(1 + \Z 1 \ +\Z2\ ) \Z 2 - Zl\ < UfJ, + \Z2\ ) 4 Z2-(pL + pi ) 4 «1 

p-2 

^ A 2 , I |2 , |_ |2\ 2 , ,2 
< Cl^i + 2l + \Z2\ j \Z2 — Z\\ . 

Finally a few general properties related to growth/ellipticity conditions (jl.2p - (|1.3p - 
Lemma 2.6. The following equality holds: 



An 

(2.19) [dI ai (£u)) (x) =Y / afA x ) D hXMx)i 

3=1 

afj(x)— / D z .ai(3Lu(x) + rhD z Xu(x)) dr , 
Jo 3 



where 
(2.20) 



and i,j G {1, . . . , 2n}. Moreover there exists a constant c = c(n,p) > 1 such that 

(2.21) \af,j(x)\ < c(n 2 + \Xu(x)\ 2 + \Xu(xe hz ) \ 2 ) ^ 
and 

2n 

(2.22) c' 1 ^ 2 + \Xu(x)\ 2 + \Xu(xc hz )\ 2 ) R ^\\\ 2 < af,j(x)XiXj, 
hold for every X G R 2 ™, whenever x, xe hz G f2. 

Proof. The proof of (|2.19[) follows directly from the definition of a Z j(x), while that of 
((2T22|) - (f272T]) follows from ([TT2J - {TT3J) and Lemma[2l] □ 

Lemma 2.7. Let u G HW ' P (Q) be a weak solution to the equation (|l.ll) under the 
assumptions (|1.2[) - (|1.3[) with 2 < p < 4. 27ien /or any ip G C^°(f2), left-invariant vector 
field Z and h > sitc/i t/iaf [e [ oc < dist(supp ip, dQ) we have 

r 2n 

(2.23) / ^(D%a t {3Lu){x)X t ip{x) + a t {?iu)(xe hz )[Z,X i \v(x))dx = Q. 

Proof. With (p(x) := ip(xe~ hz ), using (f2~16jl we have that X 4 <£(:r) = Xiip(xe~ hz ) + 
h[Z,Xi](p(xe~ hz ). Testing (|2.1ip with (p and changing variable x t—> xe hz , we obtain 

r. 2n 

/ Yj a ^ u ( xehZ ))( X w{x) + h[Z,Xi\p(x)) dx = 0. 

Now we subtract (|2.11[1 from the last identity and divide the resulting equation by h. This 
finally gives J223J. □ 

Finally, a standard property of weak derivatives in the Euclidean case, that holds in 
the present setting too. We give a sketchy proof for the sake of completeness. 

Lemma 2.8. Let v, w G Lj" oc (fl) such that vw,vX s w,wX s v G L} oc (Q) for some s G 
{1, . . . , 2n}. Then X s (vw) G Ll oc (Q) and X s (vw) = vX 3 w + wX s v. 
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Proof. We first assume that both the functions are locally essentially bounded. Then we 
mollify them using standard mollifiers tp E , obtaining v £ = v * <p e ,w e = w * tp E , so that 
v e — > v and w e — > w almost everywhere and X a v e — » X a v and X a w e — > X s w locally in 
L 1 (r2); see the formulas in the proof of [261 Theorem 11.9] for details. Therefore, using that 
v £ ,w £ are locally uniformly bounded we get that v e X a w e — + vX s w and w E X a v £ — > wX a v 
locally in L 1 (r2); at this point using the definition of distributional derivative in the X a - 
direction the assertion of the lemma follows in this first case. In a second case we consider 
the situation when only one function is bounded, say v. We can apply the result of the 
first case to v and to the truncated function Wk ■= max{min{ui, k}, — k}, for k £ N, and 
the assertion follows using Lebesgue's dominated convergence when letting k f oo, and 
the fact that vX s w,wX a v are supposed to be locally in L 1 (r2). Finally, the general case 
follows by the second one applying the same truncation argument of the second case to 
one of the two functions. □ 

2.7. Maximal Operators. Here we present a miscellanea of various maximal operators 
and related inequalities. Let Bo C W 1 be a CC-ball. We shall consider, in the following, 
the Restricted Maximal Function Operator relative to Bo- This is defined as 

(2.24) M£ (/)(*):= sup / \f(y)\ dy , 

BCB , x£Bj B 

whenever / £ L 1 (Bo), where B denotes any CC-ball contained in Bo, not necessarily with 
the same center, as long as it contains the point x. More generally, if s > 1 we define 

(2.25) K*„ (/)(*):= SU P ({ \f(v)\ S dy 

BCBg, x£B V B 

whenever / G L s (Bo); of course Ml Bq = M Bq . Another type of restricted - but "centered" 
- maximal operator is given by 

(2.26) M R (f)(x):= sup / \f(y)\dy. 

B(x,r),r<Rj B(x,r) 

We recall the following weak type (1, 1) estimate for M B(j : 

(2.27) \{x e Bo : M Bo (f)(x) > A}| < f |/(„)|T dy, for every A > and 7 > 1 , 

which is valid for any / G L 1 (_Bq); the constant cw depends only on the homogenous 
dimension Q via the doubling constant Cd in (|2.8[) . and therefore ultimately on n; for this 
and related issues we refer to [45]. A standard consequence of (|2.27|) is then 

(2.28) / |M£ (/)| T dx<^^- [ |/P dx, for every 7 > 1 . 

J B 7 1 J B 

A straightforward consequence of (|2.28[1 is the following similar estimate for M* Bo : 

(2.29) / |M* fl0 (/)P dx < / I/I 7 dx , for every 7 > a . 
J Bo s (7-s)Js 

Finally, we report an inequality due to Hajlasz & Strzelecki [27], see also [26] . Section 3, 
for related results. 

Proposition 2.1. Let f £ HW ' (fl) and R > 0. Then there exists an absolute constant 
c = c(n) such that 

\f(x) - f(y)\ < c[M R (\Xf\)(x) + M R (\Xf\)(y)]d cc (x,y) 

whenever d cc (x, y) < R/2 < dist(57', dQ,)/2 and x, y £ Q' ^ Q. 
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3. Basic regularity 

In this section we summarize and revisit a few regularity results known for solutions 
to in order to get statements in a form tailored to our later needs. 

3.1. Basic regularity results. The following is a basic result of Capogna & Danielli & 
Garofalo [9], and Lu [57]. 

Theorem 3.1. Let u £ HW ,p (£2) be a weak solution to the equation under the 

assumptions (|1.2[) - (|1.3[) with p > 1. Then there exists a positive Holder exponent a = 
a(n,p, L/v) such that u £ C[°'°(f2). In particular, u is a locally bounded function, and 
for every open subset Q' (e Q there exists a constant c, depending only on n,p,Ljv, and 
dist(f2', dQ.) but otherwise independent of fi £ [0, 1], of the solutions u and on the vector 
field a(-), such that 

(3.1) IMIl°°(«') < c (IMlLP(n) + m) ■ 

Just let us observe that the validity of (|3.1|l directly follows from the weak Harnack 
inequality of Theorem 3.2 in [9], via a standard covering argument. Now another basic 
result, due to Domokos [15], see also |41] , 

Theorem 3.2. Let u £ HW 1,P (Q,) be a weak solution to the equation (|1.1[) under the 
assumptions (|1.2[) - (|1.4|) . wit/i 2 < p < 4. 27ien u>e /la-ue Tu £ Lj > oc (r2) . Moreover, for 
every couple of open subsets fi' <e fl" C there exists a constant c depending only on 
dist(f2', dQ"), n,p,L/v, but otherwise independent of fi £ (0,1], of the solutions u and on 
the vector field a(-), such that 

(3.2) f \Tu\ p dx<c [ \Xu\) p dx . 
In the previous estimate c f oo when p f 4. 

Proof. The proof of the fact that Tu £ Lf oc (Q) is contained in Theorem 1.2 from |15| . In 
order to get estimate (|3.2p we first use the estimate contained in Theorem 1.2 from [15] . 
that gives 

f \Tu\ p dx<cf {\Xu\ p + \u\ p + fi p ) dx , 
Jb iR Jb r 

whenever Br (e Q and where 7 £ (0, 1); the constant c here depends on n,p, L/v, 7 and 
R. Then we observe that if u weakly solves (II. ip then so does u — (u) b r and therefore, 
applying the previous estimate to this new function we get 

(3.3) ( \Tu\ p dx<cf (\Xu\ p + \u-(u) Br \ p +fi p ) dx . 

J B^ R JB R 

Now, in order to get rid of the integrals involving u in the previous estimate, we use Jeri- 
son's Poincare inequality [31]. that is \\u — (u)b r \\lp(b r ) < c(n. p~l_R||3£tt|| i,p(b r )- Now (|3.2[l 
follows by joining the previous inequality to (|3 . 3p and finally using a standard covering 
argument. Note that the constant c in (|3.2|l critically depends on dist(57', dQ,) in the sense 
that c y 00 when dist(Sl',9fi) \ 0. The constant c remains bounded when |i \ as a 
careful inspection of the proof of Theorem 1.2 from [TS] reveals. □ 

The proof of the following result can be found in [40] , Theorem 8. 

Theorem 3.3. Let u £ HW ,p (fi) be a weak solution to the equation (|l.lf) under the 
assumptions (|1.2|) - (|1.4p . with 2 < p < 4. Assume also that 3Zu £ Lj 7 oc (r2, R 2n ), where 
q > p satisfies 

(3.4) ^< 2 + ^TT- 
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Then we have Tu G L^ c (Cl). Moreover, let B r — B(xo,r) <s CI, then we have 

(3.5) WTuU^K^— j j l|r.|l L _^ (fli) , 

/or every B p — B{xo,p) C -B r , where 

(3 ' 6) X = Q~2 g >K 

TTie constant c only depends on n,p,L/v, being otherwise independent of the particular 
solution u, the constant p,, and the vector field a(-), and q. 



We just remark that conditions (|3.4[) and (|3.6[1 are actually equivalent. 

3.2. Difference quotients results. Before going on let us clarify a few conventions we 
shall adopt for the rest of the paper when dealing with difference quotients as defined 
in Lemma 12.21 such conventions should be kept in mind in the following especially when 
reading the proofs of Lemma 13.11 and Proposition 17.11 below. By the writing u h — > 0" we 
shall implicitly mean "hk — > 0", since we shall actually have h = hk where {/ifcjfc is a 
positive decreasing sequence such that hk — * 0; we shall also eventually, and actually very 
often, pass to non-relabeled sub-sequences that will still be denoted by {hk}k- This will 
be useful since when letting h — > we shall need to use certain real analysis convergence 
results, that are valid up to the passage to sub-sequences. With such a definition/use of 
D z = D z k , all the standard properties of difference quotients remain valid, and the final 
results are the same, since the point in the use of difference quotients is approximating real 
derivatives with discrete finite difference operators. Finally in the following we shall state 
convergence results such as "G(xe hz ) — > G(x) in L' oc (fi)" as h — > 0, for some G G L*(f2), 
and a smooth vector field Z. This must be interpreted as follows: it is clear that it makes 
sense to consider G(xe hz ) only provided xe hz € Q; on the other hand, for each open 
subset n" <s Q. there exists a number ho > 0, depending on fi" and Z, such that xe hz G f2 
provided x G CI" and \h\ < ho. Therefore by the previous convergence statement on 
G(xe hz ) we actually mean G(xe hz ) -> G(x) in Z/(fi"), where / \h\ < ho, for every 
possible choice of the open subset CI" <s CI. 

The next lemma summarizes and exploits various difference quotient arguments and 
results scattered in |15| and |40j . 

Lemma 3.1. Let u G HW X ' V {C£) be a weak solution to the equation l|l.l[) under the 
assumptions H1.2|) - (|1.4p . with 2 < p < 4. Then we have 

(3.7) D^'Xu — > DiXu in Lf oc (Cl, R 2n ) for every i = 1, . . . , 2n + 1 , 
and therefore 

(3.8) \XXu\ 2 + \TXu\ 2 G LL(fi) . 
Moreover 

(3.9) (/ + IXu] 2 )^ [\XXu\ 2 + \TXu\ 2 ] G Ll oc (Cl) , 

and for every choice of open subset CI' <s CI" g CI there exists a constant c depending only 
on n,p, L/v and dist(f2', dCl") such that 



(3.10) 



/ {p 2 + |Xm| 2 )^ [\X3Lu\ 2 + \TXu\ 2 } dx < c [ (\Xu\ p + \Tu\ p + n p ) dx 
J(V " Jet" 



In the last inequality the constant c is in particular independent o//i£ (0, 1], of the solution 
u, and of the vector field a(-). Finally, we have 

(3.11) a{Xu) G W^f" 1 {CI, R 2n ) . 
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Proof. We have to go back to the difference quotient arguments of [15] and [40] where 
the inclusions in (|3.9[l are proved; in particular we refer to Section 3 of [40]. Then, 
due to the non-degeneracy condition /i > 0, we have that Xu £ W lo ' c ($7, R n ), and this 
fact immediately implies (|3.7[1 and (|3.8[) via Lemma 12.21 In order to establish the re- 
maining implications we shall argue first to get differentiation assertions with respect to 
the horizontal directions Xi, i = 1, . . . , 2n; then, in view of [401 Theorem 7] the same 
arguments will apply when taking difference quotients with respect to the vertical di- 
rection T, that is Djf. By the proof of Theorem 1.3 in [15] we see that the quantity 
(M 2 + \Xu(x)\ 2 + \Xu{xe hx ')\ 2 ) IL i 1 \D x *Xu(x)\ 2 remains locally bounded in L 1 (f2, R 2n ), or 
more precisely, it stays bounded in L 1 (r2',K 2 ™) for every Q' S= fi, as long as h is suitably 
small, depending on fl' - see the "conventions" immediately before the Lemma. There- 
fore, we also see that the quantity D Xi [(/j, 2 + \Xu\ 2 ) R ^~ Xu] remains locally bounded in 
since an application of Lemma [2 . 5 1 gives 

J \d X * ((m 2 + IX^I 2 )^ W) | 2 dx 

<c(n,p) [ {fx 2 + \Xu(x)\ 2 + \Xu(xe hXi )\ 2 ) £ r\D Xi Xufdx . 
Jn 1 

Therefore by Lemma [231 we have that Xi {{^ 2 + \Xu\ 2 ) E ^ 1 XuJ € L 2 oc (Q, R 2 ' 1 ) and 

(3.12) D x > ((n 2 + \Xu\ 2 ) E ^Xu)) X t ((/ + \Xu\ 2 ) 2 ^Xu^) in Lf oc (n,R 2n ) . 

Moreover, as XXu, TXu € L 2 oc (Q), we may assume that 

(p 2 + \Xu(x)\ 2 + IXuixe^^f^lD^Xuix)] 2 -> ( M 2 + 2\Xu(x)\ 2 ) 1 ^ \X t Xu(x)\ 2 , 
and 

D Xi Xu{x) — > XiXu(x) 
almost everywhere. In turn this last fact together with another application of Lemma 
12.51 and the use of (|3.12[) allow to apply a well-known variant of Lebesgue's dominated 
convergence theorem, finally yielding 

(fi 2 + \Xu(x)\ 2 + \Xu{xe hx ^)\ 2 ) 1 ^ 1 \D x ^Xu{x)\ 2 

(3.13) -> (m 2 +2\Xu(x)\ 2 ) E t 1 \X 1 Xu{x)\ 2 in LL(fi) . 
Now, according to the notation used Lemma 12.61 we write 

(3.14) D Xi (ai{Xu))(x) = J Da (xu{x) + rhD Xi Xu{x)^ drD Xi Xu{x) , 

so that D Xz a{Xu) — > Da(Xu)XiXu almost everywhere. Using (|3.14[) and again Lemma 
12.61 we have 

\D Xi (ai{Xu))(x)\ < c(n,p,L)( M 2 + \Xu{x)\ 2 + \Xu(xe hx *)\ 2 ) E ^ L \D x *Xu(x)\ . 
Therefore, using Lemma 13.21 below with s = 1, we have 

\D Xi ( ai (Xu))(x)\p^ < c()i 2 + \Xu(x)\ 2 + \Xu(xc hx *)\ 2 ) E ^ L \D x >Xu(x)\ 2 

+c{fi 2 + \Xu(x)\ 2 + \Xu(xc hx ')\ 2 )% . 

Therefore D Xl (a(Xu)) Da(Xu)XiXu in (Q,,R 2n ) follows applying Lemma [2~2l by 

(|3. 13[) and again the well-known variant of Lebesgue's dominated convergence theorem, 
and in a similar way (|3.11|l also follows. Finally, as already mentioned above, the differen- 
tiability results involving TXu follow exactly as those involving XXu; see for instance [401 
Theorem 7]. In particular the local estimate thereby included implies the one in (|3.10[l 
via a standard covering argument. The peculiar dependence of the constant c comes from 
a straightforward analysis of the proofs in |15| I40| . □ 
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Lemma 3.2. For every a, b > 0, p > 2, and e > we have (a p 2 b)p- 1 < ea p 2 b 2 + 
c(p,e)a p . 

Proof. When p 7^ 2 - otherwise the statement is trivial - just write 

- p p(p-2) p(p-2) p 

(a P ft)?- 1 = a 2(p-l) a 2(p-l) frp-1 

and then apply the standard Young's inequality with conjugate exponents 2(p— l)/p and 
2(p-l)/(p-2). ' □ 

3.3. Higher integrability in Gehring's style. Let us first report a few trivial conse- 
quences of assumptions (11.2[) - (|1.3[) , see also [42], Section 2.2. Since p > 2, assumption 
(|1.3j) implies, for any 21, Zi £ R 2n 

(3.15) c _1 |22 — < (0(^2) — a(zi), 2:2 — zi) . 

Finally, inequality (|1.2[1 , together with a standard use of Young's inequality, yield for every 

z e R 2n 

(3.16) c' 1 ^ 2 + \z\ 2 ) E ^ 1 \z\ 2 -cpF < (a{z),z), c = c(n,p, L/u) > 1 . 
Then a standard consequence of (II. 2[) and (|3.16|) follows in the next 

Lemma 3.3. Let 11 6 11 + ffWo' p (Bfl) 6e the unique solution to the following Dirichlet 
problem: 



(3.17) 



div a(Xv) = in Br 

v — u on 8Br . 



where the vector field a: R 2n — » R 2n satisfies (|1.2p - (|1.3|) /or p > 1, and _Bh g (! is a 
CC-ball. Then there exists a constant c depending only on n,p,L/v, such that 

(3.18) / \Xv\ p dx<c[ (fj,+ \Xu\) p dx . 



Br 



For a related proof using quasiminima see [241 Chapter 6] , dealing with related, com- 
pletely standard, Euclidean cases. 

Next, a higher integrability result for solutions to (|1.20[1 . together with a first form of 
inequality (|1.23p . Note that here no upper bound on p is required. 

Theorem 3.4. Let u £ HW l ' p {Q.) be a weak solution to the equation (|1.20[) under the 
assumptions (|1.2|l - (ll.3p . with p > 2, and F £ L' oc (f2, R 2n ) for some q > p. Then there 
exists q > p, depending only on n,p,L/v, such that 3iu £ L^ oc (fl, R 2n ). Moreover, there 
exists a constant c depending only on n,p,L/v such that for every CC-ball B2R <e f2 the 
following reverse type inequality: 

/ r \ !/<30 / f \ 1/p / r \ 1/<J0 

(3.19) I I \Xu\ qo dx) <c f {fi+\3iu\) p dx) +c[f \F\ qa dx) 

\JB r ) V B 2R ) VS 2 H / 

holds whenever p < 90 < Q- 

Proof. The proof more or less works as in the standard Euclidean setting, and we shall 
only give a sketch of it; see [241 Chapter 6] for the Euclidean case or directly [46] . Let 
Br <e SI be a CC-ball, and let us fix a cut-off function 77 £ Cq^{Br) such that < r; < 1, 
77 = 1 in Br/2, and \Xn\ < c/R. The existence of such a function is as in [9], and in the 
specific setting of the Heisenberg group it easily follows from (12. 5p and the definition of 
CC-balls; see SectionES] Testing ^2~W\ by ip = n p (u- (u) Br ), and using (H2J) and (pHo) 
in a standard way together with Young's inequality, we get 

/ \Xu\ p dx < cR- p I \u- (u) Br \ p dx + c-f {fi p + \F\ P ) dx , 



HEISENBERG GRADIENT REGULARITY 



17 



with c = c(n,p, L/v). See again [241 Chapter 6]. The intermediate integral in the last 
inequality can be estimated by using the Sobolev-Poincare inequality in the Heisenberg 
group |31l 137] , that is 

l/<x 



\u — (u) b n \ p dx < cR p ^j- \?iu\ pa dx^j 
0, 1). Therefore, combining the last two 
+ |Xu| p dx < c I +• |Xu| pCT dx ) + C T (a* P 

J B R / n V B n / J Br 



for some a = a(n,p) G (0, 1). Therefore, combining the last two inequalities we get 

l/<x 

' + \F\*)dx. 

This is a reverse-Holder inequality with increasing support, in turn allowing to apply 
Gehring's lemma in the sub-elliptic setting - see for instance [46]. This finally yields the 
full statement and (I3.l9p . after a few elementary manipulations. □ 

4. Interpolation and basic integrability 

4.1. Interpolation inequalities. The following inequality is an end point instance of the 
general Gagliardo-Nirenberg inequality in the Euclidean spaces R n . For all / G Co°(R n ), 
it holds that 

(4.1) / \\7fr +2 dx<c(n,j)\\f\\U (Rn) [ |V/r- 2 |V 2 /| 2 dx-, 7 >0. 

The proof of the above inequality is elementary; indeed, it follows from integration by 
parts. In the rest of the section we shall give the analog of inequality (|4.1[) in the Heisenberg 
group; again, the proof involves only integration by parts. Actually, we shall first give 
a version of (|4.1fl for solutions to (|1.1[) , that is the thing we are mainly interested in for 
the subsequent developments, and then, as a corollary of the proof given, a more general 
Heisenberg group version of (|4.1|l will follow in Theorem 14.11 below. 

First a few technical preliminaries. Consider the following truncation operators: 

r (fi 2 + tf if t g [o, fc) 

(4.2) T B>k (t):=l for t,/3,k>0, fi>0. 

{ (m 2 + kf if t G [k, oo) . 

To make the notation easier we shall also denote here Tp = Tp,k, with the understanding 
that k is temporarily fixed. 

Lemma 4.1. For every choice of e G (0, 1), a, k > 0, and b G M it holds that 

(4.3) 27p/2 + a,k(t 2 )b < ET p /2+ a + l,k(t 2 ) + £ 1 1~p/2 + a - 1 ,k )& 2 • 

Proof. First the case t 2 < k. Using the standard quadratic Young's inequality we have 
T p/2+a , k (t 2 )b = V~e(^ + t 2 ) p/4+Q/2+1/2 (l/v / i)(M 2 + t 2 Y^ +a ' 2 ^ 2 b 
< (e/2)( M 2 + t 2 r /2+a+1 + (e- 1 ^ 2 + ^)p/2+«-V 

(4.4) = (£/2)T p/2+Q+1 , fc (t 2 ) + ( £ - 1 /2)T p/2+a _ 1 , fc (t 2 )6 2 , 

and (|4.3[) follows in this case. When t 2 > k we write the previous chain of inequalities 
substituting /i 2 + t 2 by fi 2 + k everywhere in (14. 4[) and (|4.3|l follows in this case too. □ 



Lemma 4.2. Let u G HW 1,P (Q,) be a weak solution to the equation (II. 1[) under the 
assumptions (|1.2I) - (|1.4[1 , with 2 < p < 4. Then for all a > and r/ G C%°(Q), we have 

V 2 (f 2 + \% u \ 2 ) 2 dx < c (v 2 ^ 2 + |^??| 2 " 2 ) (/i 2 + \Xu\ 2 ) 2 dx 

J(i 

f 2n 

(4.5) +c||tt||i«.( SU p Pn ) / t) 2 V" (m 2 + \X s u\ 2 ) 2 \X s X s u\ 2 dx, 

Jn , 



where c = c(n,p, a) > 0. 
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Proof. For ease of notation in the following we let a := a/2. First let us observe that 
the very definition in (|4.2[) implies that the map t — > T p / 2+a (t 2 )t is globally Lipschitz 
continuous and therefore the chain rule in the Heisenberg group - see [9] - and the fact 
that xu g w{^(n,m 2n ) as given by Lemma |3. II imply that 

(4.6) r,% /2+a ((X a u) 2 )X s u G W^iCl) , 

holds for every s G {1, . . . , 2n}. Now, inclusion (|4.6[) allows for the following integration 
by parts: 

Po := / rj 2 T p / 2+a ((X s u) 2 )(X s u) 2 dx = / rj 2 T p / 2+a ((X s u) 2 )X s uX s udx 
Jn Jn 

ur) 2 T p/2+a {{X s u) 2 )X s X s udx-2 I ur) 2 % /2+a {{X s u) 2 ){X s u) 2 X a X s udx 
n Jn 



-2 / u-qXs-nT p/2+a {(Xsu) 2 )Xsudx =: Pi + P 2 + Pa 
Jn 



(4.7) 

Of course we used (|2.2|) . Let us now estimate the three integrals defined in (|4.7[1 . that is 
Pi,P 2 and P 3 . With e G (0, 1), by means of (|4~3|) we have 

I -Pi I < e / V 2 T P /2+ a +i((X s u) 2 ) dx 
Jn 



+ C||w|||~(supp^) / V 2 Tp/2+a-l((XsU) 2 )\X s X B u\ 2 dx 

Jn 



o + / ri 2 fi 2 T p/2+a ((X s u) 2 )dx 
Jn 

l|w||l=»( 8 upp»,) / V 2 T P /2+ a -i((X B u) 2 )\X s X s u\ 2 dx 
Jn 



Jn 

+c 



in 

as, obviously, T p / 2+a+1 ((X s u) 2 ) < T p / 2+a (X s u) 2 (p 2 + (X s u) 2 ). In the previous inequality 
we have c = c(e). The estimate of P 2 requires slightly more care; by Young's inequality 
and the definition in (|4.2[) . we have 



|P 2 | < (p + 2a)\\u\\ L oo (Buppri) rf{n z + {X s uY)— \X 3 X s u\dx 

J{(X s u) 2 <k} 
{' n o o p + 2 + 2a 

< e ^{n 2 + (X s u) 2 )^— dx 

J {(X s u) 2 <k) 

+c|Mli«=(su PP , 7 ) / rfip 2 + (Xsu) 2 ) 1 ^ \X. 3 X s u\ 2 dx 

J {{X s u) 2 <k} 



< £ I t] T p/2+a ({X s u) )(p + (X a u) )dx 



+c||w|| Zjt x>( supp , ) ) / T) (fi + (X s u) ) 2 \XsX s u\ dx 

J {{X 3 u) 2 <k} 

< ePo + / r/ 2 i/T p/2+a ((X a u) 2 ) dx 
Jn 

+c||m|||oo (supp ^) / ri 2 T p/2+a _ 1 ((X 3 u) 2 )\X 3 X s u\ 2 dx , 
Jn 

where again c = c(p,e,a). Finally, the estimation of P3; again using standard Young's 
inequality 

-P3I < / rj\Xri\\ u \1~p/2+ a ((Xsu) 2 )\X s u\ dx 
Jn 

< eP + c{e) [ \Xr)\ 2 u 2 T p/2+a {{X s u) 2 )dx . 
Jn 
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Connecting the inequalities found for Pi, P2, P3 to (|4.7[) we have 
Po < 3eP + c I (ri 2 fi 2 + \Xrj\ 2 u 2 )T p /2+ a ((X s u) 2 ) dx 

3||w||z,oa( s upp»,) / T] 2 T v /2 + a -l{(XsU) 2 )\XsXsU\ 2 dx 

Jn 



n 

+4 



where c depends on n, p, a and e. Observing that all the quantities involved in the previous 
inequality are finite as 3Lu £ W^(Cl,M 2n ), taking e = 1/6, recalling that a = cr/2, an 
easy manipulation now yields 



/ 

Jn 



V T p/2+rT /2,k{( x s u ) )(M +(X a u) )dx 

< c (r; 2 /i 2 + \%n\ 2u2 )T P /2+<? /2.k{{X a uf) dx 
Jn 



(4.8) +c|M|ioc (supp , ;) / ri 2 T p/2+ < T /2-i.k((X a u) z )\X 3 X 3 u\ 2 dx , 

n 



for any s G {1, . . . , 2n}, where c depends only on n,p and a. At this point (|4.5[) follows 
summing up inequalities (|4.8p for s S {1, . . . , 2n} and eventually letting fe f 00, using the 
monotone convergence theorem. □ 

Remark 4.1. In the previous proof we never used that u is a solution of (|l,l[l but only that 
£tt locally belongs to HW 1 ' 2 (Q.,M 2n ), and that u is locally bounded. Therefore neither 
the ellipticity ratio L/v, nor the degeneracy parameter fi, appear in ((43}. 



We conclude with a more general statement extending the Euclidean one in (|4.1[) . which 
is at this stage an obvious consequence of the proof of Lemma 14.21 and of the previous 
remark. 

Theorem 4.1. Let a be a non-negative number and p > 2. Then for all u £ C°°(n) and 
r\ G C£°(f2), we have 



[ rf\Xu\ p+2+a dx < c [ \X V \ 2 u 2 \Xu\ p+,y dx + c [ n 2 u 2 Y'\X s u\ p - 2+ ' y \X s X l 
Jn Jn Jn ~[ 



u\ 2 dx, 



where c = c(n,p,o) > 0. 

4.2. Basic higher integrability. As an immediate corollary of Lemma [4. 31 applied with 
(j = 0, and of Lemma [3.1l we gain a first higher integrability property of solutions to (jTTTJ : 

Lemma 4.3. Let u G f/W 1,p (f2) be a weak solution to the equation (|1.1[> under the 
assumptions (|1.2l) - (11.4j) , with 2 < p < 4. Then 

(4.9) Xue Lf+ 2 (fi,R 2n ). 

Moreover, for every couple of open subsets Q' <s Q." <e Q. there exists a constant c depending 
only on n,p,L/u, dist(f2', <9f2"), and ||u||£oo(£}")> but independent of n, of the solution u, 
and of the vector field a(-), such that 

(4.10) / \3iu\ p+2 dx < c [ (\Xu\ p + \Tu\ p + n p ) dx . 
Jn' Jn" 

Observe that (14.10[) immediately follows by (|4.5[) with a = 0, and by (|3.10p via a 
standard covering argument - note that the choice of n, il' and Q," in (|4.5|l and (|4.10p is 
arbitrary. 



2(1 



GIUSEPPE MINGIONE, ANNA ZATORSKA-GOLDSTEIN, AND XIAO ZHONG 



(5.1) g a ,k(t)= T. r.2,\^ t,a>0, p>0 k G N. 



5. Caccioppoli type INEQUALITIES 

In this section we shall derive a few preliminary energy estimates, or so called Cacciop- 
poli type inequalities, for the horizontal and vertical gradients Xu and Tu respectively. 
We shall modify some of the arguments introduced in [3D] in order to find new types of 
Caccioppoli inequalities - that is, energy estimates. In turn these will be at the core of 
the main iteration in Section 7. 

5.1. Smooth truncation operators. We shall start defining certain "smooth truncation 
operators" which are already used, in a slightly different from, in [40]. We define 

k + + ty 

We have that 

(5.2) < g a ,k(t) < min{fc, (/i 2 + t) a }, and < g a ,k(t) < g a ,k+\(t) 
hold for every k G N, and moreover 

(5.3) Km g a ,k(t) = (^ 2 +t) a . 

k — »oo 

A few elementary computations, actually a variant of the ones already presented in [40] . 
Section 5.2, give that 

(5.4) g' a ,k(t)(v +t)<ag a , k (t), \g'L,k{t)\{^ + t) < 3(a + l)g' a , k (t) . 
We shall also deal with the following family of functions: 

(5.5) W a , k (t) ■-2g' a ^ k (t)t + g a , k (t), t,a>0 k G N. 

Using the first inequality in (|5.4|l and then the first in (|5.2p . together with the fact that 

g'cAt) > °. we find 

(5.6) g a , k (t) < W a , k (t) < (2a + l)g a ,k(t) < (2a + l)k. 

Moreover, taking the second estimate in (|5.4|l into account, and then again the first esti- 
mate in (|5.4|l . we also find 

(5.7) \W' a , k {t)\t < \W' a , k (t)\(v 2 + t) <3(a + l)W«,*(t). 

Using that g' a ,k(t) < g'a,k+i(t) f° r every k, a and t, taking the second inequality in (|5.2p 
into account we have 

(5.8) W a , k (t) < W a , k +i(t) forallfceN. 
Finally, by (TO|) it follows that 

(fi 2 +t) a < lim W a , k (t) = (m 2 +t) a - 1 [2at + (fj 2 + t)] 

k — i-oo 

(5.9) < 3(a + l)(n 2 +t) a . 

5.2. The horizontal Caccioppoli inequality. Here we prove a suitable energy estimate 
involving powers of the natural quantity (f/ 2 + jXitl 2 ) 1 / 2 , that is "the weight" of the 
equation (|1,5[1 . 



Lemma 5.1. Let u G HW 1 ' 11 ^) be a weak solution to the equation (|l.ll) under the 
assumptions (|1.2I) - (|1.4[) , with 2 < p < 4. Let a > 2 and assume that 

(5.10) 3Zu G Lf+ CT (fi,R 2 ' 1 ), and \Xu\ p - 2+,T \Tu\ 2 G Ll oc (Q) . 

Then for all r\ G C£°(Q), we have 

r p-2 2 " 

/ rf (fj 2 + \Xu\ 2 ) 2 ~y^(ii 2 + \X s u\ 2 ) 2 \XX 3 u\ 2 dx 



s = l 



<c(cr + l) / (\Xn\ 2 +r l \Tr 1 \)(^ 2 + \Xu\ 2 ) 
Jn 



2 dx 
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p-2 + <T 

2 ) 2 Td 2 da;, 



(5.11) +c(a + l) 3 / r) 2 (n 2 + \Xu\ 

Jn 

and moreover 

/ J? 2 (m 2 + |Xu| 2 ) V ( M 2 + |X s w| 2 ) f |XX s tt| 2 dx 
J n s=i 

<c(<x + l) / (l^^ + rylTT?!) V^ + IX^I 2 )^^ 
^ s=l 

r 2n 

+ c(a + lf n 2 Y^^ 2 + \Xsu\ 2 ) P -^\Tu\ 
Jn s=1 



(5.12) 



Bot/i in (|5.11[) and in (|5.12[) u>e /iai>e c = c(n,p, L/v) > 1, and in particular the constant 
c does not depend on n,u, and on the vector field a(-). 



Proof. With the definition in (|5,l[l . in the following we shall abbreviate g(-) = g a /2,k, f° r 
a fixed k £ N, while, according to 1)5.50 . we shall denote W(-) := 2g'(-)t + <?(•)• For the rest 
of the proof all the constants denoted by c or the like will depend only on n,p, L/v, and 
will be independent of (i,U, k and a. Any dependence on a in the following inequalities 
will be explicitly displayed. We start by applying Lemma |2 . 71 with the choice Z = X 3 for 
s £ {1, . . . , n}; for every tp £ C^°(S}), and h ^= accordingly small, we arrive at 

(5.13) / (D* B a(Xu),X(fi) dx = — a n+s (Xu)(xe hXs )T(pdx. 

Jn Jn 

We test (|5TT3|) with <p = fa := rfg(\D Xs u\ 2 )D x "u, for s £ {1, ... ,n}. By a simple density 
argument this is an admissible test function in (|5.13|l . since g is bounded, and moreover 
Tu £ Lf oc (Q.). We obtain, for every i £ {1, . . . , 2n} 

X l fa = 2 V X lV g{\D x °u\ 2 )D x °u + r, 2 W(\D x °u\ 2 )X t D x °u 

and 

Tfa = 2r ] Tr 1 g(\D x °u\ 2 )D x °u + V 2 W{\D x °u\ 2 )TD x °u . 
Inserting the last two equalities into (|5.13|l yields 



/ 

Jn 



n 2 D x " a, (Xu)Xi D Xs uW {\D Xb u\ 2 ) dx 
i=i 

= -2 V J2D^ ai (Xu)X tV g(\D^u\ 2 )Di 



x "udx 



rjTna n+s (Xu)(xe hx °)g(\D x ° u\ 2 )D Xs udx 



u 



(5.14) -/ rfa n+s (3tu)(xe hx *)W(\D x >u\ 2 )TD x *udx . 

Jn 

As we are dealing with difference quotients in the horizontal directions, the operators X 
and D h " do not commute. Therefore we need to use identity (|2.17|l ; this gives, for every 
3 G {l,...,2n} 

(D x >X jU )(x) = X 3 (D^u)(x) + [X s ,X 3 ]u(^ hXs ) ■ 
Now use Lemma [2 . 6 1 wit h Z = X 3 , and adopting the related notation in (12.200 . we have 

2n 

D x "ai(3Cu)(x) = ^a x j (x)D Xs Xju(x) 

3=1 
2)1, 



52afj(x)[XiD*' U (x) + {X s ,Xj]u(* 



3=1 
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2n 

(5.15) = ^a x j(x)XjD x °u(x)+a x * +s (x)Tu(xe hx °). 

3=1 

From now on in every occurence of the symbol ^ the indexes i,j will run from 1 to 2n. 
Joining (|5.14|l and (|5.15[) we obtain 

/ V^afjixjXjD^uXiD^uWQD^ u\ 2 ) dx 

= ~ f V 2 J2 a t+s(x)X>DX°uTu(xe hx °)W(\D^u\ 2 )dx 
Jn i 

-2 1 riJ2afj(x)X i r l X j D Xs ug(\D X3 u\ 2 )D Xs u dx 

-2 f r,^a? i t + .(x)X i T,Tu{xe hx ')gQD*'u\ a )DZ'udx 
Jn . 

-2 riTria n+s (Xu){xe hXs ) g(\D Xs u\ 2 ) D Xs udx 



(5.16) - / r] 2 a n+s (Xu)(xe hXs )W(\D Xs u\ 2 )TD x,, udx. 



2 \ f hX 3 \-,irn r\X 3 t2\mr\X 3 

n 

A completely similar equation, with Y s = X n + S replacing X s everywhere in (|5.16[) , can 
be obtained by testing (I5.13P with tp = (f>2 '■= rf g(\D Ys u\ 2 )D Ys u. We finally sum up the 
resulting two equalities over s = 1, 2, . . . , n, thereby obtaining 

~' Xs u\ 2 ) dx 



I rf^Y,<]W X i D h" uXiD h SuW (\ D h 

/In 
vJ2J2 a ?JW X ^ X J D * Su 9(\ D * s u\ 2 )D x °udx 

- / V 2 J2J2( a t+s(*)Tu(xe hx °)W(\D x °u\ 2 ) X t D x °u 

- a Y ° 3 (x)Tu(xe hY °)W(\D Y °u\ 2 ) XiD^u) dx 

r. n 

- 2 / vY.Y. X ^(< n+ s{x)Tu{xe hx °)g{\D x °u\ 2 )D x °u 
J « s =i « v 

- <h°s{ x ) Tu { x e hY °) g{\ D l s u ?) D l s dx 

-2 / rjTnyZfan+siXu^xe^g^ul^D^u 
J « s =i v 

- a s (Xu)(xe hYs )g(\D Y! 'u\ 2 ) D Ya u^j dx 
~ / V 2 ^(a, l+s (£u)(xe h ^)W(jI>^j 2 )TZ^ 

(Xu)(xe hYs )W(\D Ys u\ 2 ) TD Y >u) dx 



— a 

(5.17) =: h + h + h + h + h 



We now proceed estimating the various terms spreading-up from (15.17[) . To estimate the 
left hand side from below we use (|2.22|l obtaining 

(5.18) l.h.s. of (pTT7ll 
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„ 2n 

> c _1 / rj 2 (/j 2 + |Xit(i)| 2 + \Xu(xe h 



V(|I>f s u| 2 )|£.Df s W | 2 (fo, 



with c = c(n,p, L/v) > 1. In order to estimate the integrals 1%, . . . , I4 we use (|2.19|l . (12.21 p 
and Young's inequality, obtaining for e G (0, 1) that 



,. 2n 

< c / 7/ 1 ^£77 1 (/i 2 + |Xu(a;)| 2 + |3ut(a 
J n s =i 



i\ D h Su \ 2 ) \ D h B u\ \XD Xs u\ dx 



<e f rj 2 (/i 2 + \Xu{x)\ 2 + \Xu(xe hXs )\ 2 ) E ^ W{\D Xs u\ 2 ) \XD Xs u\ 2 dx 

/• 2,1 -2 

+c(s) / |X?7| 2 ^{^ 2 + \Xu{x)\ 2 + \Xu{xc hx °)\ 2 )^ W{\D x °u\ 2 )\D x °u\ 2 dx 

and, in a similar way 

1^2 1 

r 2n p-2 

< c / T? 2 V (fi 2 + \Xu(x)\ 2 + \Xu(xe hx °)\ 2 )— W(\D x "u\ 2 ) 
Jn s=1 



\Tu(xe hXs )\ \XD x 'u\ dx 



< £ 



r p-2 

nV\ (m 2 + I^WI 2 + \Xu{xe hXs )\ 2 )— W(\D x °u\ 2 ) \XD X s u\ 2 dx 
+c(e) / r, 2 ^( At 2 + |Xu(x)| 2 + |Xu( a ;e' lX =)| 2 ) £ ^" 



■W{\D x 'u\ 2 )\Tu{xe hx °)\ 2 dx 



\h\ 



r- 2n _ 2 

< c / 771X77! V (/j 2 + jXu(:r)j 2 + IXM^e^ 3 )! 2 )^ \Tu(xe hx °)\ 



■g(\ D h Su \ 2 )\ D h Su \ dx 



and finally 

|/ 4 | < c 



r 2n p-2 

<c \Xtj1 2 V (/J 2 + \Xu(x)\ 2 + \Xu(xe hx °)\ 2 )— W(\D x °u\ 2 )\D x °u\ 2 dx 
J n s=1 

/• 2n -2 
+c / rf^^ 2 + \Xu{x)\ 2 + \Xu{xe hXs )\ 2 )^ W{\D Xs u\ 2 )\Tu{xe hx ')\ 2 dx, 

s = l 

/■ 2n p-1 

/ r/lTr,! £ (/J 2 + \Xu(xe hx °)\ 2 )—W(\D x °u\ 2 )\D x °u\ dx . 
J n s =i 

The estimation of the last integral 1$ in (I5.17|l needs slightly more care, and will be done 
later. We have that Xu G L p (f2,R 2n ) and, by Theorem ELS we also have Tu G Lf oc (Q), 
while Lemma 13 . 1 1 gives XXu G L 1 2 oc (n,R 2nx2n ), therefore, using also (|3.7[1 . up to passing 
to non-relabeled sub-sequences, we may assume for every s = 1, . . . , In that 

Xu(xe hXs ) —* Xu(x) in Z/f oc (f2, R 2n ) and a.e. 

(5.19) Tu{xe hXs ) -> Tu(x) in Lf oc (Q) and a.e. 

(5.20) XD Xs u{x) -» XX s «(a;) in L 2 oc (ft 
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See also Section 3.2. The convergence statement in (15.20P needs perhaps an explanation; 
for i = 1, ... , 2n, write XiD Xs u{x) = D x s Xm(x) + [X t , X s ]u(xe hXs ), according to (pTf)) . 
Then, using the result of Lemma 12.21 the fact that p > 2, and the convergence in (|5.19[l . 
we have that XiD Xs u(x) — > X a Xiu(x) + [Xi, X a ]u(x) = XiX 3 u(x) locally in L 2 (Q), and, 
up to a sub-sequence, almost everywhere. Therefore (|5.20|l is completely proved. 

Now we want to pass to the limit with ft — > in (|5.17[1 taking into account the estimates 
for the integrals It,... ,Ia- Absorbing the terms with e in the l.h.s., applying Fatou's 
lemma for the resulting l.h.s., and Lebesgue's dominated convergence theorem for the 
r.h.s. - keep in mind that W(-) is bounded by (15. 6p - we obtain 

2n _ 2 

V 2 Y1(^ 2 + \ Xu \ 2 ) 2 W(\X s u\ 2 )\XX s u\ 2 dx 



f 

J v. 



< c 



Xij|- 



■ r]\Tr)\ ) (/i 2 + \Xu\ 2 



+ c 



r\ Ux + \Xu\ 



(5.21) 



+ lim sup 



+ lim sup 



Y^W{\X s u\ 2 )dx 

s=l 
2n 

Tu\ 2 J2 W(\X 3 u\ 2 )dx 

s=l 

/ »7 2 Van +s (X«)(a;e hXa )Vy(|Df a u| 2 )rDf s uda ; 

r, n 

/ j? 2 Va^X^^e^^VKdD^M^TD^uda; 
Jn ~i 



Now we compute and estimate the last two limits, that actually exist, in the previous 
inequality; we shall concentrate on the second-last one, similar arguments working for 
the last one. By Lemma 13.11 we know that XTu g L 2 oc (fi, R 2n ). Therefore, for every 
s 6 {1, . . . , 2n} we have that 

(5.22) D x 'Tu^X s Tu in L 2 oc (Q,) as ft -> . 

Using Young's inequality we can bound the term under the integral sign as follows: 
\a n+s {Xu){xe hx °)W{\D x °u\ 2 )TD x °u\ 



< c(a,k)(p 2 + \Xu(xe hXs )\ 2 ) 2 \D x "Tu\ 



(5.23) 



< c(it, k) \(fi + \Xu(xe 



1,S .^N^M + |£,Xa Tu |21 



where we used (|5.6[l and that a — a/2. Since a > 2 then (|5.10[) implies that Xit 6 
if„"t 2 (fi, R 2 ™) and moreover p < 4 implies that we can use the fact that 2p — 2 < p + 2. 

: n and hence 



Therefore Xu € L 2 3 p ( T 2 (n, 



0. 



Xu(a;e' lXs ) — » Xu(x) in L 2p c 2 (fi, R 2 ™) and a.e. as ft - 

Thus, thanks to (15.22[) - (15.23[) . we can let ft — ► using a well-known variant of Lebesgue's 
dominated convergence theorem; therefore we obtain 

(5.24) lim / n 2 y2a n+a {Xu){xe hXs )W{\D Xs u\ 2 )TD Xs udx 

r 

= / rf y2a n+s (Xu)W{\X s u\ 2 )X s Tudx . 
Jn „_i 



In a completely similar manner, we also have 
(5.25) 



lim / V 2 ^2as(Xu)( 

~* -' n s = l 



Ke AYs )W(|D^*M| 2 ) TD^'udx 
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= / J2 a s(Xu)W(\Y s u\ 2 ) Y s Tudx. 

Connecting (15.241) and (|5.25l) to (|5.21j) we get 

r 2n e-2 

/ ^y^ 2 + i XM i 2 ) 2 ^(ix s -ui 2 )ixx S Ki 2 dx 

J n s=i 

P In 

<c (\X V \ 2 +r)\Tr)\ \ (a* 2 + \3tu\ 2 )% W(\X s u\ 2 ) dx 

r e-2 2,1 

+ c / r) 2 (n 2 + \Xu\ 2 )— y"W{\X s u\ 2 )\Tu\ 2 dx 

J n 8=1 

/ J? 2 Va„ +s (3e«)W(|X s u| 2 )X s 
J " s =i 

/ j? 2 y^a s {3iu)W{\Y 8 u\ 2 )Y 8 Tudx 
Jn „_, 



,T« da; 



(5.26) 



with c = c(n,p, L/u). We continue estimating the last two integrals; we shall estimate the 
first one, the estimation of the latter being completely analogous. We integrate by parts 
as follows: 

/ n 2 y2 a n+s(Xu)W(\X s u\ 2 )X 3 Tudx = -2 riTuy2 x sVan+s(Xu)W(\Xsu\ 2 )dx 
Jn s=1 Jn s=1 

P n In 

~ / rfTuy2y^D Za a n+s {Xu)X s X a uW{\X i 

Jn 8 =1 a=l 

-2 / V 2 TuJ2 a n+s(Z u W'(\X s u\ 2 )X s uX s X s udx 

J » 8=1 



u| 2 ) 



(5.27) 



=: A + B + C. 



The previous integration by parts needs of course to be justified; we postpone its verifica- 
tion to the very end of the proof. The estimates for A, B, C follow again by (|2.2ip . (I2.22|l 
and Young's inequality; indeed, as for A we have 

\A\<2 V \X v \(fi 2 + \Xu\ 2 ) E ^~\Tu\ J2w(\X s u\ 2 )dx 
J n J=i 

P n 

<c \Xv\ 2 {v 2 + |Xu| 2 ) 5 V W{\X s u\ 2 )dx 

J " 8=1 

r p-2 " 

+ c j 77 2 (^ 2 + |Xu| 2 )~ W{\X s u\ 2 )\Tu\ 2 dx. 



Jn 

Using that X s X a = X a X s + [X s ,X a ], we have, with e G (0, 1) 
\B\< / r) 2 Tuy2y2 D ^a n +s(Xu)X a X s uW(\X s u\ 2 )dx 

J V s =l a=l 

r 

+ / r, 2 \Tu\ 2 y^D Zn+s a n + s {Xu)W{\X 3 u\ 2 )dx 
Jn s=1 

r p-2 n 

<c / r, 2 (v +\Xu\ 2 )—^W{\X a u\ 2 )(\Tu\\3LX s u\ + \Tu\ 2 )dx 
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<e ri 2 (n 2 + \Xu\ 2 )'^ r y2W(\X s u\ 2 )\XX s u\ 2 dx 

r p-2 n 

+ c(e) / r, 2 ^ 2 + \3Lu\ 2 ) 2 V W(\X s u\ 2 )\Tu\ 2 dx 

J to 8=1 



Finally, using (|5,7[1 we have 

j_ L 

3=1 

£ f 2/ 2 . ,„ ,2x^ 



\C\<cj r, 2 (fi 2 + \Xu\ 2 ) — \Tu\Y / W'{\X s u\ 2 )\X s u\\X s X s u\dx 

s=l 

-2 n 

77 2 ( M 2 + \Xu\ 2 ) ^ H/'(|X a u| 2 ) |X aU | 2 | X s X s u| 2 da; 

s = l 

^ + 1} /V (M 2 + l^l 2 ) 5 \Tu\ 2 V M/'(|X sM | 2 ) dx- 



< 



C(ff + 1) 



+ 



r p-2 n 

<ce/ V 2 (v 2 + \3iu\ 2 ) 2 V W(|X s u| 2 )|XX s ii| 2 dx 

s =i 



J " 8=1 



e 



M 2 + I^«l 2 ) 



Joining together the estimates for A, B, C, we obtain 

„ n 

I / r 1 2 J"a n+a {3Lu)W{\X s u\ 2 )X s Tudx\ 

' ^ 8=1 

<ce 7 7 2 ( A t 2 + |£lt| 2 ) 2 V W(\X s u\ 2 )\XX s u\ 2 dx 
J n 8=i 

+ c / |X?7| 2 ( M 2 + \%u\ 2 ) f V W(|X S «| 2 ) dx 

/• p-2 ™ 

+ c(e) / 77 2 (^ 2 + |Jtt| 2 ) 2 V W{\X s u\ 2 )\Tu\ 2 dx 

J" 8=1 

(5.28) + C ( £ )(<t + 1) 2 / ,7 2 ( M 2 + |Xu| 2 )^ 

in (M 2 + l^u 

where c = c(n,p, L/v). A completely analogous estimate, replacing on the right hand side 
of (|5.28l) X s by Y s , holds also for the term 

n 

rf J2 a s (Xu)W(\Y s u\ 2 ) Y s Tudx , 

8=1 

appearing in (|5.26p . Therefore using (|5.28p . and its Y s -analog, to estimate (|5.26|l . absorb- 
ing terms with e on the left hand side, we finally obtain 

r p-2 2n 

/ r, 2 ^ 2 + \Xu\ 2 ) 2 VW(jX sI tj 2 )|XX s w| 2 d2- 
J n s=i 

,. 2n 

< c / (\Zr}\ 2 + t?|T??|) ( M 2 + |Xu| 2 ) f ^ W(|X a «| 2 ) da 

-' n s=l 

r p-2 2n 

+ c n (/i 2 + I Ju| 2 ) 2 V W(\X s u\ 2 )\Tu\ 2 dx 

J it .-1 
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, / , ,s2 f 2/ 2,1* |2\f ) \rp |2 ■ 



1 (m 2 + M 

where c only depends on n,p,L/v, but is otherwise independent of fi, a, k, of the solution 
u, and of the vector field a(-). Letting k / oo in the previous inequality, using (|5.8p - (|5.9p 
to apply the monotone convergence theorem, and finally using the elementary inequalities 

2n 2n 

(p a + |£u| 2 )*£(A» 2 + |;f.u| a )* <c(n,p)£)(p 3 + |A.tt| a )*i 2; , 

3=1 3=1 
2n 2n 

(fi 2 + \Xu\ 2 )^J2(^ + \X s u\ 2 )^ < c^p)^^ 2 + \X s u\ 2 )'^ , 

3 = 1 3=1 

and, since a > 2 by assumption, 

2n 2n 

(/? + |X U | 2 )t]T> 2 + |X sW | 2 )^ <c(n,p)$> 2 + |X.u| a ) Jt 3 t= , 

S=l s = l 

we get (|5.12[) . from which also (|5.1ip immediately follows. It remains to give the 
Justification of (|5.27[) . Fix s G {1, . . . , n}; assume that 

(5.29) X s ( n 2 a n+a {Xu)W{\X s u\ 2 )Tu) G L^fi) 
and that the identity 

X a (ri 2 a n+s (3eu)W(\X s u\ 2 )Tu) = {X a ri 2 )a n+a (Xu)W (\X s u\ 2 )Tu 

In 

i=i 

+2r] 2 a n+s (Xu)W'(\X s u\ 2 )X s uX s X s uTu 
+r j 2 a n+s {Xu)W{\Xsu\ 2 )X s Tu 

(5.30) =: B 1 +B 2 + B a + B 4 , 

holds in the distributional sense, with Si, . . . ,B 4 e iio C (n). Then, since jy has compact 
support in f2, we have that 

X s (r, 2 a n+s (Xu)W{\X s u\ 2 )Tu) dx = , 

from which (|5.27p follows via (|5.30p . In turn it remains to establish the validity of (|5.29|l - 
(|5.30p . We shall repeatedly use Lemma 12.81 we start observing that by (|1.2[) and Tu G 
-^ioc(^)' Young's inequality gives that a n+s {Xu)W{\X s u\ 2 )Tu G Ll oc (Q). We are of course 
using that W(-) is bounded. The same argument gives that Bi G L loc (fi). Next we have 



\B- 



:| <c(k,a) [{fi 2 + \Xu\ 2 ) !L 5 1 \3iXu\ 2 + /i p + \Xu\ p + \Tu\ p ^ , 



and observe that the right hand side belongs to Lj" oc (n) by (|3.9p . therefore B2 G Ll oc (Q). 
Then, by (|1.2p . (|5.7p and Young's inequality we have 



\B 3 \ < v ' y s ! 2 {^ + \Xu\') — \XXu\\Tu\ 

< c(k,a,fi) [(fi 2 + IXu^^IXXm] 2 + (^ 2 + |XuJ 2 )5|Tm| ; 



and observe that all the quantities in the right hand side belong to Lj" oc (fl) by (|3.9p and 
(|5.10p . since here we are assuming a > 2. We again conclude that B3 G I/ 1 1 oc (r2). Finally, 
again by (|1.2p we have that 

\B 4 \ < c(k,a)(p 2 + IXw] 2 )^ [\XTu\ 2 + (fj 2 + I Ju| 2 )] , 
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and again, B4 6 L loc (Q) follows from (I3.9|l . At this stage we can apply Lemma 12.81 to the 
product a n+3 (3Lu)w{\X 3 u\ 2 )Tu G L 1 1 oc (fi) concluding that (pT2l)j) - ((53tj)) hold. □ 

5.3. The vertical Caccioppoli inequality. We now state the energy estimate involving 
Tu. Its proof is considerably simpler and it is close to similar estimates in the Euclidean 
case, since the operators T and X commute. We report the full proof for the sake of 
completeness. 

Lemma 5.2. Let u G HW 1,p {p.) be a weak solution to the equation under the 

assumptions H1.2l) - (|1.4p , with 2 < p < 4. Let o > and assume that 

(5.31) Xu G Lf+ 2+<T (n,M 2n ) , and Tu G (Q) . 
Then we have 

(5.32) / (fj, 2 + \Xu\ 2 )^\Tu\^\XTu\ 2 r] 2 dx < c I (fj, 2 + \3tu\ 2 ) ^ \Tu\ ^ \3Ln\ 2 dx, 
Jn Jn 

for allr\ G C£°(fi), where the constant c = c{n,p,L/y), is independent of /1, of the solution 
u, and of the vector field a(-). 

Proof. We again start by applying Lemma [2.71 this time with the choice Z = T; for every 
G C£°(fi), and h 7^ accordingly small, we arrive at 

(5.33) / {Dla(Xu),X<p)dx = 0. 

Observe that we have used that [T, Xi] = for every i = 1, . . . , In. As a test function 
in (|5.33p we choose ip = r/ 2 \D^u\^ D^u. Note that this is an admissible test function in 
view of the fact that u is locally bounded, see Theorem 13.11 Since [T, X s ] = for any 
s — 1, . . . , 2n, we have X(D^u) = D^(Xu) by Lemma [2.31 Inserting <p into (|5.33[) we find 

(l + ir/2) / v 2 Y,Dlai{Xu)XiDlu\Dlu\i dx 
J « i=i 

,, 2n 

(5.34) = -2 / 77 VDha^X^X^ID^M^Dhuda;. 

in i=1 

Using (|2.19p and (|2.22[) with Z = X, we can estimate the l.h.s. of f|5.34f) from below 

l.h.s. of (p334)l > c' 1 / {v 2 + \3iu(x)\ 2 + \3Lu{xe hT )\ 2 ) I ^\Dlu\ ? !\3LDlu\ 2 rf 2 dx, 
Jn 

where c = c(n,p, L/v) > 1. For the r.h.s of (|5.34[l we use again (|2.19p together with (12.2111 
and Young's inequality obtaining, with e G (0, 1) 

|r.h.s of (5341 1 < £ / {n 2 + \Xu{x)\ 2 + \Xu(xe hT )\ 2 ) E ^\Dlu\i\XDlu\ 2 r) 2 dx 
Jn 

+ c(e) / (n 2 + \Xu(x)\ 2 + \3Lu(xe hT )\ 2 ) E ^ 1 \Dlu\^ +2 \3Lri\ 2 dx. 
Jn 

Combining these estimates and choosing e suitably small as usual, we arrive at the fol- 
lowing Caccioppoli-type estimate: 

(5.35) Ih ■= / (a* 2 + \Xu(x)\ 2 + \Xu(xe hT )\ 2 ) 2 \D^u\ 7 \XDh u\ 2 rj 2 dx 

Jn 

<c [ (m 2 + \Xu(x)\ 2 + \Xu{xe hT )\ 2 ) E ^\Dlu\^ +2 \Xr t \ 2 dx =: II h 
Jn 
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which is obviously valid for any h > such that y/h = e hT | cc < dist(supp 77, <9f2); here c 
depends on n,p,L/v. Using Young's inequality to estimate the r.h.s of (|5.35p we finally 
obtain 

(5.36) II h <cf (/j 2 + \Xu(x)\ 2 + \3Lu{xe hT )\ 2 ) E± ^ L dx + c f |L>^| £± ^cte, 

J supp rj Jsyipprj 

with c = c(||Xr;||Loo ). Since both Tu and Xu exist and satisfy (15.31[1 . by Lemma[2]2] (|5.36[1 . 
and a well-known variant of Lebesgue's dominated convergence theorem, we obtain that 

(5.37) lirnll h = cj (// + \Xu\ 2 ) ^ \Tu\ ^ |Xr?| 2 dx . 

On the other hand, by Lemma |3. II and using and Fatou's lemma we have that 

(5.38) / (n 2 + \Xu\ 2 ) Z ^\Tu\^\XTu\ 2 7j 2 dx<\immfI h . 
Jn 

The proof of (|532"|) now follows combining (JOB-lESEJ with □ 

6. Intermediate integrability 

The aim of this section is to improve the already found higher integrability result in 
(|4.9[) . Indeed the main result here is 

Lemma 6.1. Let u G HW V {Q) be a weak solution to the equation under the 

assumptions (|1.2I) - (|1.4[) . with 2 < p < 4. Then 

(6.1) Xu&L p + 4 (Q,R 2n ). 

Moreover, for every couple of open subsets fi' <s fi" (e Q there exists a constant c depending 
only on n,p,L/u, dist(Sl', <9f2"), and \\u\\lo°(q"), but independent of n, of the solution u, 
and of the vector field a(-), such that 

(6.2) / \Xu\ p+4 dx<cf (\Xu\ p + \Tu\ p + fj?)dx, 
Jn' Jn" 

where c = c(n,p,L/v, 0) > 0. 

The key to the previous lemma is in fact the following one, whose proof features a 
rather unorthodox choice of the test function ip in (12.1111 - see (|6.4|l below. 

Lemma 6.2. Let u G HW 1 ' p (fl) be a weak solution to the equation fll.lj l under the 
assumptions (|1.2l) - (|1.4p . with 2 < p < 4. Then 

(fx 2 + \Xu\ 2 )%\Tu\ 2 G L~L{ty. 
Moreover, for all rj G C^°(f2), we have 

I rj 2 (/j 2 + |3Eu| 2 ) 2 |Tu| 2 dx 
Jn 

(6.3) <c(l + \\u\\U (eupprl) ) f ( V 2 + \X V \ 2 )([i 2 + \Xu\ 2 ) E ^\Tu\ 2 dx, 

Jn 

where c = c(n,p) > 0. 

Proof. In the following we shall denote Tk(t) := min{rj,fc}, for t > and k G N, slightly 
adjusting the definition already given in (|4.2[) . Set 

(6.4) <p:=(T k (\Tu\)) 2 r, 2 u, 

for k > 0; we wish to take tp as a test function in (|2,ll[l . We first observe that the function 
t t— > (7fc(|t|)) 2 is Lipschitz continuous and therefore, since Tu G HW 1,2 (tl) then by the 
chain rule in the Heisenberg group - see [2] - it also follows that (T k {\Tu\)) 2 G HW 1 ' 2 ^). 
Then, since u G HW 1 ' P {Q) H L^ c (fi) a standard difference quotients argument, as for 
instance the one in Lemma 12.81 finally gives that ip G HWq' 2 {Q). Now recall that in 
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Lemma [4. 31 we already showed that Xu 6 L^ C 2 (Q, R 2n ). So by a standard approximation 
argument, we can easily show that any function from HWq +2 ^ 3 (d) is a admissible in 
(|2.11|) . Thus <p as defined in (|6.4[) is an admissible test function, since (p + 2)/3 < 2. 
Recall here that we are assuming p < 4. Therefore, using ip in (|2.11[) . we obtain 

r] 2 (T k (\Tu\)) 2 {a(Xu),Xu)dx = -2 / r)u(T k (\Tu\)f {a(3iu), Xrj) dx 
n Jn 



r) 2 u(a{Xu),X{T k {\Tu\)) 2 ) dx 



2 / , v n ~ fn - nrr l^^2\ 

r - - 

In turn, using (|1.2|l and (|3.16p the previous equality yields 



/ t? 2 ( M 2 + \Xu\ 2 ) \Xu\ 2 (T k {\Tu\)) 2 dx 
Jn 



<c / t]\Xti\\u\((i 2 + \Xu\ 2 )" 21 (T k (\Tu\)) 2 dx 
Jn 



(6.5) 

+ cl 77 2 |m|( m 2 + |Xm| 2 )' 2 |X(T fc (|Tu|)) 2 |dx 



+ c/ rj 2 fi p (T k (\Tu\)) 2 dx=: D + E + F, 
Jn 



with c = c(n,p,L/v). We use Young's inequality to estimate D as follows: 

D< \ f rf^ 2 + \Xu\ 2 ) E ^\Xu\ 2 (T k (\Tu\)) 2 dx 
4 Jn 

+ c||u|||oo( sup p n ) / \Xri\ 2 (/i 2 + |Xuj 2 ) 2 |Tiij 2 da; 
in 

+ / V 2 ^ 2 ()i 2 + \Xu\ 2 ) E ^(T k (\Tu\)) 2 dx. 
Jn 

We estimate _B by Young's inequality and Lemma |5 , 2 1 with a — 0, that is 

... _ o 

2/2 



E< \ I rf(^ 2 + \Xu\ 2 )' 2 \Xu\ 2 (T k {\Tu\)f dx 
4 Jn 

P-2 



+ c||it||i,=o( S upp,) V {fJ- +\Xu\ ) 2 |XTw| 



|2 / 21 2 

/ r 

2 2/ 2 , i~. i2\ 



P-2 



+ / ?? > (M 2 + |Xu| 2 ) — (T fe (|Tu|)) 2 dx 



£2 



^<P - I V 2 (n 2 + \Xu\ 2 )" 2 '\Xu\ 2 (T k (\Tu\)) 2 dx 



±Jn 

+ c||u||?,o ( SU pp^ / \Xr/\ 2 (fi 2 + \Xu\ 2 )~\Tu\ 2 dx 
Jn 

+ f V 2 ^ 2 (^ 2 + \Xu\ 2 ) E ^(T k (\Tu\)) 2 dx. 
Jn 

Finally, since fi < 1 we have 

F <c [ ri 2 (fi 2 + \Xu\ 2 ) ^ \Tu\ 2 dx . 
Jn 

Plugging the above estimates for D,E and F into (|6.5[) . and eventually letting k / oo, 
we obtain (|6.2[) . using that /x < 1. This completes the proof of the lemma. □ 



Proof. The proof of (|6.1|l follows combining Lemma 16.21 Lemma 15.11 with a = 2, Lemma 
14.31 and finally Lemma 14.21 again with a = 2. Accordingly, the proof of (|6,2[l follows 
combining all the a priori estimates of the used lemmata, taking into account the fact 
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that everywhere Q' , Q" and r\ can be chosen arbitrarily. Moreover, the right hand side of 
(|6.2[) has to be estimated by means of Young's inequality, as follows: 

f (/i 2 + \Xu\ 2 ) \Tu\ 2 dx<c f (\Xu\ p + \Tu\ p + fi p ) dx . 

J supp rj J supp rj 

□ 

7. Iteration and higher integrability 

The main result of this section is the following: 

Proposition 7.1. Let u G HW ' p (fl) be a weak solution to the equation under the 

assumptions ()1 .21) - (| 1.4|) . with 2 < p < 4. Then it holds that 

(7.1) Xu g L* oc (fi, R 2n ) and 2\t 6 L? oc («) for every q < oo . 

Moreover, for every q < oo i/iere exists a constant c, depending on n,p,L/v, and q, but 
otherwise independent of fi, of the solution u, and of the vector field a(-), such that the 
following reverse-Holder type inequalities hold for any CC-ball Br C fl: 

1/9 



(\ 1/ q 
I \Xu\ q dx\ <c(f \Xu\) p dx] 
Jb r/2 J Vb r / 

and 

(7.3) (l \Tu\ q dx\ <^(f (v+\Xu\) p dx\ 



In order to prove the previous result we need a few preliminary lemmata. Their iterated 
use will finally lead to the proof of Proposition 17.11 



Lemma 7.1. Let u G HW ' p (ft) be a weak solution to the equation <|l.ip under the 
assumptions (|1.2[) - (|1.4[1 . with 2 < p < 4. Assume that 

(7.4) Xu G Lf+ CT (n,R 2n ), |3^| p - 2+CT |Tit| 2 G LL(«), and Tit G L^T^ («)> 
/or some a > 2. T/ien 

(7.5) XuG Lf+ 2+CT (fi,R 2n ). 

Moreover, for every couple of open subsets Q' <s Q" (s f2 i/iere exists a constant c depending 
only on n,p, L/v, a , dist(fi , <9fi"), and |]u|jL°°(r2")> but independent on /i, smc/i that 

(7.6) / \Xu\ p+2+ ° dx < c [ {\Xu\ p+a + \Tu\ E± ^ L + ^ p )dx. 

Proof. By (I7.4p we can use Lemma |5. 11 therefore combining (|5. 1 1 f) with (|4.5[) . by means 
of a standard covering argument we deduce the validity of (|7.5[) . Once (|7.5p holds we use 
Young's inequality to estimate the last integral in the right hand side of (|5.11|) as follows: 

/ rf (/i 2 + |3£u| 2 ) 2 \Tu\ 2 dx < el rj 1 (/i 2 + |Xit| 2 ) 2 dx 
Jn Jn 

(7.7) +c(e) / n 2 \Tu\~^~ dx , 



where e G (0, 1); note that the intermediate integral in (17. 7p is now finite. Connecting the 
previous inequality to (|5.1ip and eventually to (|4.5p . and choosing e small enough, but 
depending only on n,p, L/v, a and |M|L°°( S upprj), in order to re-absorb the intermediate 
integral appearing in (|7.7p in the left-hand side of (|4.5p . we gain, after a few elementary 
manipulations 

/ n 2 (/i 2 + \Xu\ 2 ) 2 dx < c (/i 2 + \Xu\ 2 ) 2 dx 

J fl J supp rj 
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r p+2+ct 
+c / \Tu\~z~ dx. 



J supp r) 

The constant c in the last inequality depends only on the data n,p, L/u, a, and on the 
norms ||£?7||.loo, ||Tt7||loo, ||u||_loo( supp ^), but is otherwise independent of the solution it, of 
the vector field a(-), and of /j,. Note that we have used that fj, < 1. At this stage the 
inequality in (|7.6[) follows by the previous inequality via a standard covering argument 
involving a suitable choice of the cut-off function n; again we are using that fj, < 1. □ 

Lemma 7.2. Let u G HW ' p (ft) be a weak solution to the equation (|l.lf) under the 
assumptions (|1.2[) - (|1.4[) , with 2 < p < 4. Assume that 

Xu G Lf+ 2+CT (n,R 2n ) and Tu G (fi) , 

for some a > 0, then 

(7.8) Tu€L^(Q). 

Moreover, for every couple of open subsets Q' <s Q." <e fl there exists a constant c depending 
only on n,p, L/v, a , dist(f2', <9f2"), and ||u||L°c(n")> but independent on fi, of the solution 
u, and of the vector field a(-), such that 



(7.9) 
holds. 



f p + 3 + o- C . n . p+2 + ct 

/ \Tu\^— dx<c {\Xu\ p+2+a + \Tu\^~ +pf)dx 
Jn' Jn" 



Proof. In the following we shall again denote Tk(t) := min{t, k} for t > and ieN. Let 
n G C^°(Q.) be as usual a cut-off function such that < n < 1. Using that T — [Xi, Yi] = 
XiYi — YiXi, we start by integrating by parts as follows: 

ri 1 \Tu\ z T k (\Tu\' L ^-)dx= I r t 2 (X 1 Y 1 -Y 1 X 1 )uTuT k {\Tu\ IL ^ hL )dx 

Jn 

<4 / n\Xr/\\Xu\\Tu\T k (\Tu\ E ^ ±JL )dx + c / rj 2 \Xu\\XTu\ Tk^Tu] 2 ^^) dx 
Jn Jn 

(7.10) — P4 + P5, 

where c = c(p, o) > 0. Note that the previous integration by parts is legal since 

(7.11) TuT k (\Tu\ E ^)eHW^({l) . 

This fact follows by chain rule in the Heisenberg group - see [9] - since by the very definition 

p — 1+0- 

of T k it follows that the function t 1— > t7k(|i| 2 ) is globally Lipschitz continuous on R, 
together with the fact that Tu G HW^ 2 (fl) - see 

Now, by Young's inequality, we have for the integral P4 

P 4 <4/ \Xn\\Xu\ p+2+a dx + 4 f |5£??!jTiij E± ^ tL dx . 
Jn Jn 

We now come to P5; using repeatedly Young's inequality and once inequality (|5.32[) from 
Lemma 15.21 we have 

P 5 < c ri 2 (i± 2 + \Xu\ 2 )^\Tu\ Ezl ^ L \XTu\dx 
Jn 

< c[ r] 2 {^ 2 + \Xu\ 2 ) R ^ L \Tu\^\XTu\ 2 dx 
Jn 

+c / n 2 {n + \Xu\ 2 ) 2 \Tu\ — 5 — dx 
Jn 



JST321 

< c 



/ \Xn\ 2 (^ 2 + \Xu\ 2 )" 22 \Tu\^ dx 
Jn 
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+C / T) (fjT + \Xu\ 2 ) 2 \Tu\ = d,X 

< c f (r, 2 + |Xr,| 2 )(/x p+2+CT + \Xu\ p+2+ ° + puf^) dx. 
Jn 

Note how the crucial assumption p < 4 hereby comes into the play once again. Using the 
estimates found for P^,P^, inequality (|7.10[1 becomes 

ij 2 \Tu\ 2 T k (\Tu\ E ^r IL )dx 

<c f {rf + \Xv i \ + \Xv i \ 2 )(iF +2+a + \Xu\ p+2+ ° + \Tu\ E± ^)dx. 
Jn 

The constant c in the last inequality depends only on n,p,a. Letting fc f oo and using 
the fact that pb < 1, we have 

r ! 2 \Tu\ E± ^ L dx<c f ( V 2 + \X V \ + |Xr,| 2 )(/i p + \Xu\ p+2+CT + \Tu\ E± ^ L ) dx . 
Jn 



Then (|7.8[l follows by a standard covering argument since the choice of r\ is arbitrary in 
the previous inequality. In the same way, (|7.9[) follows via a standard covering argument 
involving a suitable choice of r\. □ 



Proof of Proposition \7.1\ The proof is divided in two steps: first we prove the qualitative 
result in (|7.1[) with a first form of the main priori estimates, that is (|7.12[) below. Then, in 
a second step, we show how to get the explicit form of the a priori estimates in (|7.2[l - (|7.3[l 
from (|7.12p by means of a "blow-up" argument. 

Step 1: Iteration and higher integrability. Here we prove l|7.1|l and that, for every 
couple of open subsets fi' <s fi" (s Q, and q < oo, there exists a constant c depending only 
on n,p, L/v, q, dist(Sl', dQ"), and ||w||£°°(n")) but independent of fi, of the solution u, and 
of the vector field a(-), such that 

(7.12) f (\Xu\ q + \Tu\ q ) dx < c [ (\Xu\ p + 1) dx . 

Jn' Jn" 

For this, let us define the sequence 

4 

o"fc+i := cr k + 



(7.13) 



P + 3 + CTfc 

(To := 2. 



It is easy to see that {ok} is a strictly increasing sequence such that o~k /" oo. We shall 
prove by induction that 

Xu e LI '+ 2+a " (fl, R 2 ™) and Tu G L^f 2 ^ (ft) (A) k , 

holds every fc £ N, and moreover that, for every couple of open subset fi' <e fi" <e fl 
and fc G N there exists a constant c depending only on n,p,L/v,k, dist(fl', 9fl"), and 
||w||loo(q//), but independent of fi, of the solution u, and of the vector field a(-), such that 



/ 



(\Xu\ p+2+ ' Tk + \Tu\ E±2 ^ jL )dx<c[ (\Xu\ p + \Tu\ p + 1) dx (B) k 

Jn" 



icii 

We shall eventually show that this will suffice to prove (|7.1[l and (|7.12[) . Before going on 
let us point out that when proving estimates like (B)k we shall deal with similar estimates 
where fl', fl" vary in an arbitrary way. Each time we shall implicitly pass to different open 
subsets, since every time the open subsets involved in the inequalities will be arbitrary. 

Let us first prove the validity of (A)o and (B)o- The parts of the statements concerning 
Xu directly come from Lemma |6. II therefore we concentrate on Tu. To this aim we apply 
Lemma 17.21 twice. First we choose a = 0, recalling that (p + 2)/2 < p in turn implies 
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Tu 6 2 (fi); at this point we get that Tu € (f2) with a first corresponding 

estimate, that is 



/ 

J a' 



P+3 if | o p + 2 x 

|Tw| ~ dx < c / ( \Xu\ p+2 + \Tu\ — + 1 ) 



'si' Jn" v 

Then we are able to apply again Lemma 17.21 this time with a = 1, getting that Tu £ 
A ( oc +4)/2 ( n ) and > in view of EH, also that 

J \Tu\ dx < c j (\Xu\ p+3 + \Tu\ ^ + lj dx . 

Joining the last two estimates to (|6.2[) . passing each time to different open subsets, which 
are not renamed, we easily get the also the part of (B)o concerned with Tu. 

Let us now assume the validity of (A)k and (B)k for some k > 0, and let us prove 
that of (A)k+i and (B)k+i- By (A)k we may apply Lemma 17.21 with the choice a = o> 
in order to get that 

(7.14) r M 6L,^((]). 
Observe that by the very definition of ou we have that 

(7.15) o-fc+i < at + 1 , 
and therefore from (|7.14|l we immediately get that 

p+ 2 +"k+i 

(7.16) Tu€L loc 2 (n). 

We also observe that using (B)k and the estimate (|7.9[l for a = at, since in every occur- 
rence the open subsets £1' <e f2" are arbitrary, we easily gain 

(7.17) / \Tu\ 5 dx< (\Tu\ 5 +l)dx<c (\Xu\ p + \Tu\ p + l) dx , 
Jn 1 Jn 1 Jsi" 

that in turn holds for every couple of Q' <s Q," where c depends as in (B)k+i- Here we used 

again (|7.15l) and an elementary estimation. We have indeed proved one part of (B)k+i 

too. Therefore it only remains to prove that Xu € L p ^ 2+ " kJrl (Q., R 2 ' 1 ), that will complete 

the proof of (A)k+i, and the corresponding remaining part of (B)k+i with the estimation 

of Xu. For this we wish to use Lemma [7.11 with the choice a = cr fc+1 , therefore let us check 

its applicability; estimate (|T. 15|) . assumption (A)k and H7.16|) imply that we actually just 

have to check the second inclusion in (|7.4[) . To do this we apply Young's inequality as 

follows: 

(p-2 + gfc + l)(p+3 + <r fc ) P + 3 + <r fc 

\Xu\ p - 2+rTk + 1 \Tu\ 2 < \Xu\ + \Tu\ — 5 — . 

By the definition in (|7.13[) we have that 

(p-2 + q fc+ i)(p + 3 + a fc ) _ 
p-l+ak 

and hence the second inclusion in (|7.4|l follows with a = at+i by the first inclusion in 
(A)k and (|7.14|) . Therefore Lemma |7. II and (|7.5|l with a = <Jk+i finally imply that Xu £ 
L iZ +1 ( > k2 ")- Concerning the remaining part of the proof of (B)k+i observe that 
d7T5ll allows for applying the elementary inequality \Xu\ p+ak + 1 < \Xu\ p+2+ " k + 1; this, 
together with (|7.17|) and ()7.6[) . since the open subsets involved everywhere are arbitrary, 
allows in turn to conclude that 

\Xu\ p+2+ " k + 1 dx<c [ (\Xu\ p+2+ " k + \Tu\ E±2 ^ L +l)dx. 

At this point the full inequality in (B)k+i follows by the previous one together with (|7.17|l 
and (B)k, after changing, accordingly, the open subsets involved. 
In this way both (A)k and (B)k hold for every k £ N. 
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Now we prove the validity of (|7.ip and (|7.12|l . The assertions in (|7.1|l are immediate, 
while to prove (|7.12|l with a fixed q, take k large enough such that (p + 2 + Ofc)/2 > g, in 

order to estimate |3ui| 9 + \Tu\ q < \3Lu\ v+2+ak + \Tu\~ + 2, and then apply (B) k in 

order to get 

/ (\Xu\ q + \Tu\ q ) dx < c I (\Xu\ p + \Tu\ p + 1) dx . 

Jn 1 Jn" 

Finally, changing again the subsets, the final form of (|7.12p follows by Theorem 13.21 

Step 2: Blow-up and local estimates. Now, by means of scaling arguments, we shall see 
how to get the precise form of the a priori estimates in (|7.2[) - (|7.3[) from the rough one in 
(|7.12p : of course we shall assume that q > p. First, let us consider the case of a solution 
v e HW 1 ' P (B(0,1)) to iJTTTJl, that is, when fi = B(0, 1) = B x . In the following 7 will 
denote a number such that 7 G (0, 1), and the constants in the subsequent estimates will 
deteriorate when 7 f 1. Applying Theorem 13. ll we find 

(7-18) II«IU°°(b 7 ) < ci (\\v\\ LnBl) +y) , 

where c\ = a(n,p, L/v, 7). Now let us define, for every z £ R 2 " 

- „n v _ , n a(Az) 

(7.19) «j := — and a(:z) — v ; 



where 

(7.20) A:= Cl (||«l| iP(Sl) + M ) . 
Obviously A > and moreover 

(7.21) \ij A < 1 . 
The new scaled function w weakly solves the equation 

(7.22) div H a(Xw) = , 
and, as a consequence of (|7.18p . it is such that 

(7.23) IMU-Cfl,) < 1 • 

Moreover an easy computation reveals that the new vector field a(z) defined in (|7.19p 
satisfies assumptions (|1.2p - (|1.3p with fj, replaced by fx/A. Therefore, keeping again (|7.2ip 
in mind, applying estimate (|7.12p to w with the choice fi' = B^2 and SI" = £? 7 , yields 

(7.24) / (\Xw\ q + \Tw\ q )dx < c 2 / {\Xw\ p + 1) dx , 
Jb_ /2 J B x 

and the constant C2 depends now only on n,p, L/v, q, 7 by the inequality in (|7.23p . Scaling 
back to v, that is taking (I7.19P into account, (|7.24l) gives 



{\Xv\ q + \Tv\ q ) dx < c 2 [ci (||«||iP {Bl ) + m \Xv\ p dx 

i ' Jbi 

(7.25) +\B 1 \c 2 [c 1 (\\v\\ LHBl) +ti)] c ' . 

Applying Young's inequality with conjugate exponents q/p and q/(q — p) to estimate the 
first quantity in the right hand side of (|7.25|) easily gives 

(7.26) P« IU»(B 7 a) + \\Tv\\ Lq{B ^) < c (\\Xv\\ LP{Bl) + \\v\\ LP{Bl) + fi) , 

where c = c(n,p, L/v, q, 7). Now we observe that if v solves 1)1.10 then v — £ also solves ()l.ip 
whenever £ 6 K. Therefore we apply estimate 1)7.260 to v— (w)bi , and using it together with 
Jerison's Poincare's inequality - see |31II38] - that is (v) Bl ||ip(B!) ^ c ( n > p)\\% v \\ lp (Bx) , 
we finally get 

(7-27) \\Xv\\ Lq(B } + \\Tv\\ LHB } < c\\\Xv\ + /i\\ LP(Bl) , 
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where c = c(n,p, L/v,q,j); observe that the constant c blows-up whenever: 7 
q /* 00, p y 4. Choosing 7 = l/\/2 in (I7.27|) . we immediately get that 

!7.2S) J / ||.Vr|'' + \Tr\'),.!x\ < c ( I (jj, + \Xv\) p dx^ 



{j- {\£v\ g + \Tv\")dx\ < C (J- 



with c = c(n,p,L/v,q), and this means that we have proved (|7.2|l - (|7,3|) in the case R — 1. 

Now we can go back to the original solution u, taking a CC-ball Br = B(xo, R) C Q, 
and defining 

(7.29) v(x) := l|gMj , for every x G 5(0, 1) , 

-ft, 

where the dilation operator 8r has been defined in (|2,6[1 . Now observe that for every 
i = 1, ...,2n 

(7.30) Xiv(x) = Xiu(s • Sr(x)) and Tv(a;) = RTu(x ■ S R (x)) . 

Using this fact, and again the left invariance of the vector fields {Xi}, it is easy to see that 
the function v defined in (|7.30p solves the equation in £>(0, 1), and therefore (|7.28l) is 
applicable. In fact, using (|7.28[1 for v, re-scaling back to u in B(xq, R), and using (I7.30P we 
get (|7.2|) - (|7.3p . Observe that in such a re-scaling procedure the appearance of the integral 
averages in (|7.2|l - (|7.3|l is essentially due to the change-of-variable formula together with 
the fact that det (x >—> xoSr (x)) w R Q w \B(x ,R)\. This is basically a consequence of 
(121). D 

8. Non-degenerate equations 

Proposition 8.1. Let u G HW ~ p {0.) be a weak solution to the equation under the 

assumptions H1.2|) - (|1.4p . with 2 < p < 4. Then it holds that 

(8.1) I«eC(J2,K 2 ") and Tu G L£ c (fi) . 

Moreover there exists a constant c, depending on n,p and Lfv , but otherwise independent 
of fi, of the solution u, and of the vector field a(-), such that (|1.12[) - (|1.13[) hold for any 
CC-ball B R C n. 

Proof. The proof is again divided in two steps. First we treat a special case; then we 
reduce to such a special case by a blow-up argument. 
Step 1: Universal estimates. Here we assume that 

(8.2) Q = Si and \\X.u\\ LP{Bl}R 2 n) < 1 , 

and we shall prove that there exist absolute constants cs, C4 = C3, Ci(n,p, L/v) such that 

Q(2-p) 

(8.3) sup |3uj| < C3, and sup ITmI < C4/i 4 

B l/2 B l/2 

With 7 = 99/100, a simple covering argument and (|7.2|l - (|7.3p . gives that 

(8.4) J ^IXu] 9 ^ 1 + \Tu\ 2Q + \Tu\ 2 ^j dx < c , 

where c is a constant depending only on the quantities n,p,L/v. Note that we have used 
(|8.2[) to get rid of the dependence on the norms of Xu, Tu in the constant c. Now we start 
from (|5.12p . which we shall employ to implement a suitable variant of Moser's iteration 
scheme. With n G Co°(i? 7 ) being non-negative and such that r\ < 1 we immediately have 
that for any a > 2 it does hold that 



p-2 2n 

r, 2 (fi 2 + \Xu\ 2 ) 2 V (/i 2 + \X e u\ 2 ) * \XX s u\ 2 dx 
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<c(a + l)C v : + \Xsu\ 2 ) E ^ dx 

J supply g _j 

„ 2n 

(8.5) +c(cr + l) 3 / rf\Tu\ 2 V(/i 2 + [Xsul 2 ) 1 ^^ dx 
where we have set 

(8.6) C7, := ||Xij||i« +11^11^+1. 



To estimate the last term appearing in (|8.5[1 we use Holder's inequality and then (|8.4|l 
thereby gaining 



r 2n 

/ ^ 2 \Tu\ 2 Y,(^ + \X s u\ 2 ) E ^ dx 



<c(n)( / |Tti| 2Q d:r ) ( f |^(/i 2 + |X s ti| 2 ) ^fsFTT dx 

\J supp?7 s=1 



^ c [l i+i> 2 +i^«i 2 ) 



0-1 

0(p+^) * Q 
2<Q-1) rfa; 



where, as we used f)8.4f) . the constant c in the last line depends on n,p,L/v. Moreover, 
again by Holder's inequality, it trivially follows that 



f Y^{f + \X s u\ 2 ) E ¥ dx<c(n)[ f Yl(tx 2 + \X s u 

Jsupprj s = 1 \''supp?7 s = 1 



if)*^ dx 



Q-i 
Q 



~C3~ 

(8.7) < c(n) 



/ 1 + + \XsU\ 2 )^TJ dx 



The last two estimates together with (|8.5[) , and again Holder's inequality, give 

2n 

\n* + \X s u\ 2 )^^-\XX s u\" dx 



(8.8) < c(ff + 1) 3 0, ( j l + J2(fi 2 + \X s u\ 2 )^§^7 dx 

Vsupprj s=1 

where c = c(n,p, L/v) and C v is defined in (j8.6[) . Now we observe that 

2n 2n 

\XY,V(^ 2 + \X s u\ 2 ) E T L \ 2 < c(n)C v J2iV 2 + l^"! 2 )^ 

3 = 1 8 = 1 

2n 

+c(n)(p + a) 2 v 2 ^]( M 2 + \X s u\ 2 ) E ^ L \XX. 

8 = 1 

Therefore, using again (|8.7|l . the last estimate and (|8.8[l give 

/2n 
^^^(m' + I^wI 2 )^! 2 ^ 
J 7 s=l 

(8.9) <c(p + a) 5 C v ( f l + Y^(fi 2 + \X s u\ 2 )^S ± ^T dx 

\isuppT) s = 1 
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Applying Sobolev embedding theorem in the Heisenberg group, that is Theorem 12.11 with 
q = 2, in turn yields 



(8.10) 



( r 2 q *\ , Q(p+<?) 

I V 77 ^ Z^(M + \X s uf) 2 (o- 2 ) dx 

(7 i+f> 3 +i*. 

Vsuppi; s -l 



< c(p + ofC, 



u\ ) 2(Q-i) dx 



where the constant c depends only on n,p,L/v. Observe that here we are using that 
supp?? C B-y. Now we choose the cut-off functions in the framework of Moser's iteration 
technique. We take a family of concentric interpolating balls B3/4 C B ek+1 C B Bk such 
that B eo — B r / S C Bj, Qk+i — Qk ~ 2~ fe and Qk \ 3/4. Accordingly we select r/k £ 
C^ c (B Bk ) such that r\k = 1 on B ek+1 , and C n < c fc ; the existence of such cut-off functions 
can be inferred as in [9] Lemma 3.2]. Setting 

Q-1 



.11) 



Q-2 



>1, 



we recursively define the sequence {<Jfc} as follows: 

( CTk+l ■= X°k + 



so that 
(8.12) 



(p + a k +i)Q _ (p + crfe)Q 



- 1 



'-2 



holds for every k > 0. Observe that 

(8.13) p + a k ^x k , 

Taking a = a k and 77 = r/k in (|8.10|l . and observing that -qk = 1 on B ek+1 and supprj^ C 
B Bk , easily gives 



| 2 ) 2 «i- 2 > dx 



(8.14) 



f i+jr(fi 2 + \x sU 



where c = c(n,p, L/u) > 1 is a constant independent of k, and we used (|8.13[) . Now, 
setting for every k > 



1 + 2^(/i + |A" s -u| 2 ) 2(Q-ii dx 



D e fc s=l 

using (|8.12|I - H8.14|) . an elementary manipulation gives that 

A k+ i < ci k+m ~ k A k , 

for a new constant Co depending only on n,p,L/v. Keeping (|8,11[) in mind, iterating the 
previous inequality easily gives 



A k +i < exp 



i + 1 

(iog C0 )]r-— 

4— n A. 



A 
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Letting k y" oo in the previous inequality - note that the series in the last line converges 
by (18 -11^ - now gives 

(8.15) sup \Xu\ < c(n,p,L/u)Ao , 

-B3/4 

while taking (|8,4|l and the fact that \i < 1 into account we obtain the first inequality 
appearing in (|8.3[l . As for the second inequality in (18. 3[) . we observe that since Xu is 
bounded we may apply Theorem [373] with any q satisfying (|3.4[) . Noting that this implies 
2q/(q - p + 2) < 2Q, we may use flHTJJ; therefore taking R = 3/4 and q = 1/2 in | |33) l 
yields 

(8.16) \\Tu\\ L aa {Bl/2) < CC^T^i^T, 

where we also used <I8. 15|) . £ = c{n,p,L/u), and where \ appears in (13. 6[) . All the con- 
stants in the above inequality only depend on n,p,L/v and are actually independent of 
q. Therefore letting q f 00 in (|8.16[1 . and keeping (|3.6[1 in mind, we obtain the second 
inequality in (|8.3[1 with the specified dependence of the constant C4. 

Step 2: The general case. First we observe that we may reduce to the case Br = Bi 
by performing the blow-up scaling (|7.29[) . Indeed once estimates (|1.12[) - (|1.13p hold for 
v on Br = Bi, then scaling back, and using (|7.30|l . they also hold on general balls Br 
as required in the statement. Therefore we just need to prove the result for a solution 
v in the ball Bi. In order to reduce to the assumptions in (|8.2p we pass to the function 
w defined in (|7.19[) where this time we choose A := (\\Xv\\i,p^bi) +/■*)) so that both 
ll-^HIz-pfB!,* 2 ™) 5= 1 an d (|7.2ip hold. As noted in the proof of Proposition [7T] Step 2, the 
function w is a solution of the equation fl7.22|) . while the new vector field 2(z) defined in 
(|7.19p satisfies assumptions (|l,2[l - (|l,3|l with /j, replaced by fjb/A < 1. Therefore, thanks to 
(17.21[) we may apply the result of Step 1 to w, thereby obtaining 

Q(2-p) Q(p-2) 

(8.17) sup \Xw\ < c 3 , and sup \Tw\ < C4.f1 1 A 1 

B l/2 B l/2 

Going back to v = w/A, and keeping in mind the current definition of A, we obtain the 
validity of (|l,12|l - (|l,13|l for « on Bi, and the proof is finally complete by the argument 
outlined at the beginning of Step 2. □ 

Proof of Theorems The proof of the a priori estimates of Theorem 11.21 is a di- 
rect consequence of Proposition 18.11 As far as the Holder continuity of the gradient is 
concerned, the focal point of the regularity theory for quasilinear elliptic equations with 
p-growth is the local Lipschitz regularity of solutions, as already explained in [71 151 |4T?]. 
From this point on the proof of the local Holder continuity of Du proceeds as in [40] ; see 
also [6] [8j for detailed explanations. □ 

9. The degenerate case 

Proof of Theorem 1 1 . 31 Of course in the following we shall restrict to the case p > 2; 
indeed, as the reader will soon recognize, in the case p = 2 the role of fi is immaterial 
in ifTIZ Jl -fP l) . and the results of Theorems ITTI and ITT21 still hold when p, = 0. When 
p > 2 the case p, = is now a consequence of Proposition 17.11 when combined with a 
suitable approximation argument we are going to report in some detail. Let us consider 
the regularized vector fields 

at(z) := a(z) + e^T 2 z , for every z G R 2 " and k £ N , 

where {sk}k is a sequence of positive numbers such that Ek \ and Ek < 1. By using 
(|1.2p - (|1.3[) it is easy to see that each vector field a^{z) satisfies the following growth and 
ellipticity conditions: 

(9.1) \Da k (z)\(el + |z| 2 p + |a fc (z)| < c(e 2 + \z\ 2 )^ , 
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and 

2n 

(9.2) c-\ei + \z\ 2 ) P -^\\\ 2 < J2 D^akUz)^, 

for a constant c > depending only on n,p, L/v but independent of k £ N. Moreover, since 
p > 2, assumption (|9.2[) also implies, for a possibly different constant c still depending on 
n,p, L/u, but otherwise independent of k G N, that whenever z, z\, 22 € K 2 " the following 
inequalities hold: 

(9.3) c~ 1 \z 2 - < (^(22) - afc(zi), 22 - 21) , c~ 1 \z\ p - ce p k < (a k (x, z), z) . 

Compare with (I3.15P and (|3.16p . Now, let us consider a CC-ball Br C O. and let us 
define u k £ u + HWq' p (Br) as the unique solution to the Dirichlet problem (|3.17|l with 
a k (-) = a(-); therefore, for the present application we have v = Uk in (|3.17[1 . Accordingly, 
by virtue of (|9.3|) we may apply Lemma 13.31 so that (|3.18[1 used for v = ut gives 

(9.4) / \Xu k \ p dx<c[ (e k + \Xu\) p dx , 



where c = c(n,p,L/i/) is independent of k. Next, using (|9.3p . the fact that both u and u k 
are solutions, and then applying the definition of a k {-) together with Young's and Holder's 
inequalities, we have 



\Xuk — Xu\ p dx < c j (a(Xuk) — a(Xu),Xiik — Xu) dx 
1 

(a(Xuk) — at(Xuk),Xuk — Xu) dx 



k 

B 



e p k 2 \Xuk\\Xuk — Xu\ dx 



\Xut\p- 1 dx 



1 r p(p-2) r 

< - / \Xu k -Xu\ p dx + ce^- 1 

< - I \Xu k — Xu\ p dx + ce k p_1 I / \Xuk\ p dx 

2 J Br \J Br 



Re-absorbing in the l.h.s. the first integral in the last line, eventually letting k f 00, and 
keeping (|9.4|l in mind, we get 

(9.5) Xu k ^Xu strongly in L p (B R ,R 2n ) . 

Now, using estimates (jl. 12[) and (|1.13p for Uk, and therefore considering the case [i = Ek > 
0, we get 

(9.6) sup \Xu k \ < c* (t (e k + \Xu k \) p dx\ , 
Br/2 \>b r J 

[l \Tu k \ q dx^j <^(j {e k + \Xu k \) p dx^j ' V , 

which hold uniformly with respect to k; in fact the constants c* , c* ultimately depend on 
n,p, L/v, and also q as far as the latter is concerned, but are otherwise independent of k. 
This follows directly from the statement of Proposition 17. II Letting k / 00 in (I9.6p - (|9.7I) . 
standard lower semicontinuity arguments to deal with the left hand sides of (|9.6p - (19.7[l . 
and (|9.5p to deal with right hand ones, finally give ()1 . 16[l - (|l .17[l . Since the ball considered 
Br C is arbitrary, this finally implies (|7.ip via a standard covering argument and the 
proof of Theorem 11.31 is complete. □ 



and 
(9.7) 
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Proof of Corollaries 1 1 . JlTOl Corollary 1 1,2 1 is immediate since from Theorem [L3] we obtain 
higher integrability for the Euclidean gradient: Du £ L^ oc (Q, R 2n+1 ) for every q < oo. As 



for Corollary 11.11 it suffices to prove estimate (|1.18[1 . With B R C 0, as in the statement, 
by (|1.12[l - (|1.16l) it immediately follows that 

Mr/4(\Xu\)(x) < sup \Xu\ < c I +■ (fj, + \Xu\) p dz ) , 

B(x,R/4) Vflu / 

whenever x £ -Br/2, where c depends only on n,p,L/u. The operator M R / 4 is the one 
defined in (|2.26p . Therefore, using Proposition 12 . 1 1 we obtain 

(9.8) \u(x)-u(y)\<c(J (p + \Xu\) p dz^ d cc (x,y) 

as soon as x,y £ -Br/2 are such that d cc (x,y) < R/8. At this stage estimate (|1.18[l follows 
from the last one, applied to suitable smaller balls, just magnifying the constant in (|9.8[1 
of a finite factor, say 16. □ 

10. Horizontal Calderon-Zygmund estimates 



In this section we are going to prove Theorem 1 1.4 1 the use of various types of restricted 
maximal operator will be essential here. In the following, when dealing with (|1,20[) we 
shall always assume that F € L^ oc (Q, R 2 "), for some q > p. Now, let us fix an arbitrarily 
fixed open subset fl' <e fi ; for the rest of the section all balls the considered B will be 
such that B (e SI' unless otherwise specified, and in the following all the regularity results 
we are going to prove are in Q' . Since the choice of Q' is arbitrary the corresponding 
local regularity of Xu in Q will also follow. With q = q(n,p,L/v) > p being the higher 
integrability exponent identified in Theorem 13.41 let us define 

(10.1) ,o := 

which is such that go £ (p, <?) and can be therefore used in (|3.19fl . Moreover, for later use 
we observe that 

1 2 

(10.2) q>q^ < = c{n,p,L/v) 

q-qo q-p 

and the last dependence on the parameters follows from the one specified in Theorem 13.41 
Accordingly, with Rq > being fixed, and eventually specified later, and with fi' (g Q 
chosen as described above, we let 

(10.3) [b] Ro = [b] R(un , :^ sup (7 \b(x)-(b) Ba \(^r)(^) dx) q " , 

B R cn> ,R<R a VS R / 
where (6)s H is the average in (|2.14[) . Let us observe that 

(10.4) Wfon' = , 

for every choice of the open subset fi' <s fi, and this strengthens (|2,15p . Indeed since 
|6(a;)| < L by (Ti~2Tj) we have 

v qp — p go -p 

[b]a,a> < (2L)"- 1 « ([b] R , n >) ™ 
and (|10.4|) immediately follows by (|2.15|l . 

Lemma 10.1. Let u 6 HW 1 ' P (B R ) be a weak solution to (|1.20[) . and let v 6 u + 

HW ' p (Br) be a weak solution to the Dirichlet problem (|3 . 1 Tp under the assumptions 
(|1.2j) - (|1.3[) for p > 2, where B 2 r <s Q' and R < R , for a certain R > 0. 
(1) For any p > 2 it holds that 



+ \Xu — Xv\ p dx < c 5 [b} R() + (fx + \Xu\) p dx 

J B R J B 2 r 
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(10.5) +c 5 (l + [6]fl ) f \F\ qo dx) 

\Jb 2R / 

where the constant cs depends only on n,p,L/v. 

(2) Assuming p 6 [2, 4) we /iawe i/iai /or any p < s < oo £/iere exists a constant 
C6 = ce(n,p, L/v) such that 



(10.6) (/ (/i+ |Xu|) s d2; ) <ce(/ (m + |Xu|) p ) " , 
and ce y oo when p f 4. 

Proof. (1). Using that u and w are solutions to (|1.20|) and (|3.17|) respectively, testing 
(ll.20[l and (|3.17|l by u — v G HWo' p {B R ) and summing up, with (6)s H as in (|2.14|) we 
have 

r 1S33 r 

+ \Xu — Xv\ p dx < c+ (b)B R (a(Xu) — a(Xv),Xu — Xv) dx 

= c+ {(b)B R a(Xu) — b(x)a(Xu),Xu — Xv) dx 
Jb r 

(10.7) +c-f (\F\ p - 2 F,Xu-Xv)dx =:I + II, 

Jb r 

where c = c(n,p, L/v). In a standard way, via Young's inequality we have in turn 

(10.8) H<-i \Xu-Xv\ p dx + c-f \F\ P dx , 

*Jb r Jb r 

while, taking (|1.2[) into account and using Holder's inequality we have 
I < 



\l \Xu - Xv\ p dx + c / \b(x) - (b) BR \^ T {n+ \Xu\) p dx 

^Jbr J B R 

-+ \Xu — Xv \ p dx + c[6]Jf [ + (p- 

4 J B R \JB r 



4 

" "rt " ^ Li 

r / r \ p/io 

■f \Xu — Xv\ p dx + c\b\* Rn [ f- (ji + \Xu\) 90 dx 

l3~T9l 

< -t 4- \Xu — Xv\ p dx 

r / (■ \ P/lo 

+cir 



Wro / (J* + \Xu\) p dx + c[b] Ro U |Fp dx 
Jb 2R vb,j 

Estimate (|10.5[) now follows combining the estimates found for / and II to (|10.7[) . 

(2). When p G [2, 4) estimate (Tl03|l just follows applying ([T7T2Jt- dEISJ) to the function 
v, and then applying (|3.18|l . □ 

In the following we shall concentrate on a ball B R() , such that Bioo.r C fl' . The symbol 
M* will denote the restricted maximal operator relative to the ball Bioor in the sense 
of (|2.24[) : M* = Mb 100R > accordingly we shall denote by M* o / p the restricted maximal 
operator in the sense of (|2.25[1 . again relative to -Biooflo> that is, M* Q ^ p = Mq / P b 100R ■ 
We recall that go > p has been defined in (|10,ip . 

Lemma 10.2. Let u G HW 1 ^^) be a weak solution to the equation (|1.20ll under as- 
sumptions (|1.2p - (|1.3[l with 2 < p < 4, and let K > 1 and s > p. There exist numbers 
e = e(n,p, L/v, K, s) G (0, 1) and A = A(n,p, L/v) > 1 such that if [b]l 00Ro < e then the 
following holds: 

If B is a CC-ball centered in B Rq and with radius less than 2Ro satisfying 
(10.9) \Er\5B\> K- s/p \BnB Ro \ 
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then 

(10.10) 5B fl Br C G , 
where 

E~{xeB Ro : M*{fi p + \Xu\ p )(x) > AKX, and M* qo/p {\F\ p ){x) < eX} , 

and 

G~{x£B Ro : M*(p p + \Xu\ p )(x) > X} , 

while X > 0. 

Proof. We proceed by contradiction, therefore assuming that (110. 10|) fails, and showing 
that, choosing e and A appropriately, but with the dependence on the constants as in the 
statement of the lemma, also (|10.9|) fails. Indeed, assume that (llO.lOjl fails but (fl0~9| does 
not; then there exists z\ £ 55 n Br such that M*(/j, p + |Xw| p )(zi) < A; moreover E D 5B 
is non-empty and therefore there exists Z2 € 5B D Br such that M* Q , (\F\ p ){z2*) < eX. 
All in all we have that 

(10.11) / (fi p + \Xu\ p ) dx < A, and / \F\" a dx < {eX) qo/p . 

J40B J40B 

Now define v G u+HW^' p {20B) as the unique solution to the Dirichlet problem (|3.17|l with 
Br = 205. Therefore applying (|10.5|l in this context, and using (|10. with [6]*ook — e 
too, an elementary manipulation gives 

(10.12) I \3tu-3tv\ p dx<c(n,p,L/v)eX. 

J20B 

Moreover estimates (|10.6p and (I10.11|l also give 

(10.13) / {/i s + \Xv\ s )dx < {c(n,p y L/v)] s/p X s/p . 

JWB 

We now start giving a few estimates for the restricted maximal operator relative to the 
ball lOS, that in the following will be denoted by M**, therefore M** = M* 0B . First, 
let us observe that a standard geometric argument using that M*(/i p + \Xu\ p )(zi) < A, 
exactly the same as the one working in the Euclidean case, allows us to get the existence 
of an absolute constant c«, depending on the doubling constant d in (|2.8|l and therefore 
ultimately on n, such that 

(10.14) M*(fi p + \Xu\ p )(x) < max{M**(// + \Xu\ p )(x),c,X} , 
whenever x € 5B n Br . Now, using (|2.27|l with 7 = s/p, we have 

\{x£5B : M**(fi p + \Xu\ p )(x) > AKX}\ 

< \{xe5B : M**{/i p + \Xv\ p )(x) > 2~ P AK\}\ 

+ \{x€5B : M**(\Xu- Xv\ p )(x) > 2~ P AKX}\ 

E2Zl 2 s/p+p c(n,p) f , , _ , s , , c(n,p) f _ 

^ (AK\) s /p J10B AKX I \^-^dx 



WB 



\WA2i < 0M3 2 s/p [c(n,p,L/v)] a/p \B\ c(n,p, L/v)e\B\ 



{AKy/p AK 
rini - r/ p [c 7 (n,p,L/v,s)] s / p \BnBR Q \ , c 8 (n,p, L/u)e\ B n B Ro \ 

(iai5) s {XkyTp + ak • 

In the last inequality we used the fact that B is a ball centered in Br whose radius does 
not exceed 2Ro, and the doubling condition (|2.8[) . Now we fix A = A(n,p,L/v) > 1 + c» 
large enough in order to have (2c7/A) s ^ p < 2ct/A < 1/4; here c* = c»(n) is the constant 
appearing in (| 10. 14[) . Then we take e = e(n,p, L/u, K) in order to have cseK 3 / p ~ 1 < 1/4. 
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Such choices fix the quantities A and s with the dependence on the constants described 
in the statement of the lemma, and together with (|10.15|l they give 

| {a; 6 5B D Br : M**(fi p + \3Cu\ p )(x) > AKX}\ < K~ S ^ P \B\ . 

Now, since K > 1 and A > c», by (|10.14|) we also obtain 

|{ie5BnB fl „ : M*(/i p + \Xu\ p )(x)> AKX}\ < K~ s/p \B\ , 

that finally contradicts (|10.9p . and the proof is complete. □ 

Proof of Theorem ] 1.4\ The proof is actually split in two cases. The first is when q < q, 
and q = q(n,p, L/v) > p is the higher integrability exponent identified in Theorem 13.41 
In this case the assertion follows directly from such a theorem. The other case is when 
q > q, to which we specialize henceforth. Therefore, with q < q < oo as in the statement, 
we fix a number s such that s > q. Note that as a consequence of the choice of s = s(q), 
from now on all the constants depending on s will be actually depending on q, and as 
such they will be denoted, and in particular we determine the constant A when eventually 
using Lemma ll0.2l Then we take K > 1 large enough in order to have 

(10.16) 2K 3 T ± = A~i . 

Such a choice fixes K = K(n,p, L/v, q) and this is the number we are going to take when 
using Lemma 110.21 Therefore this determies the choice of e = e(n,p, L/v, q) > for the 
use in Lemma ll0.2l Finally we determine the radius _Ro = {n,p, L/v, s, b(-)) > in such a 
way that [&]ioob ^ £ - This is possible by (|10.4|l . Now, let us set 

(10.17) m(t) := \{x S Br : Ar(v p + \Xu\ p )(x) >t}\ , 

(10.18) n 2 (t) := \{x G B Ro : M* qo/p (\F\ p )(x) > t}\ , 

and keep in mind that the maximal operators M* g / p are restricted to the ball -Bioo_r . 
The proof will proceed by iterating the function /ii(-) using information on /42(-), that is 
getting information on the measure of the level sets of \Xu\, in terms of those of |-F|. We 
choose the "starting level" Ao as follows: 

(10.19) Ao := IQCfcwK s/p J (// + \3Lu\ p ) dx , 

■> -BiooRq 

where Cd is the doubling constant appearing in (|2.8|l . and cw = cw(n) is the constant 
appearing in (|2.28|l for 7 = 1. Therefore using (|2,28[) . and that AK > 1 we find, for any 
m G N 

(10.20) ^((AKr\o) < Mi(Ao) < ^^\Br. \ ■ 

Now we want to combine Lemma 110.21 and Lemma 12.11 More precisely, for every m = 
0, 1, 2, . . . we want to apply Lemma |2 . 1 1 with the choice 8 = K~ s ^ p and 

E := {z G B Ro : M*( M P + \Xu\ p ) > (AK) m+1 \ , and M* qo/v {\F\ p ) < e(AK) m X } , 

G~{z£B Ro : M*(// + |£<) > (AK) m X } . 
In fact using Lemma ll0.2l for A = (AK) m Xo in the context of Lemma 12.11 keeping (110. 20p 
in mind, and recalling that jCj = m((AK) m X ) and that \E\ > ^{{AK) m+1 Xq) - 
fi 2 ((AK) m £Xo) we have 

^((AK) m+1 X ) < A~ s/ V( (AK) m \ ) +M (AK) m eX ) , 
for any m = 0, 1, 2, Induction on the previous inequality easily gives 

m 

M(AK) m+1 X Q ) < K~ s(m+1)/P ^(Xo) + J2K~ s(m -' )/p fi 2 {{AKyeX ) , 

i=0 
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and therefore, multiplying the previous inequalities by (AK) q( - m+1 ^ p and summing up on 
m = 0, 1, . . . , M € N, we have 

M / M \ 

J2(AK)' l(rn+1 ' >/ y 1 ((AK) m+1 Xo) < ^[K' s/p {AK) q/p ] m+1 M i(A ) 

m=0 \m=0 / 

M rn 

(10.21) + j2 Y,( AK ) q{m+1)/PK ' s{m ' i)/p ^(( AK y £X ^ ■ 



m=0 i=0 

First, we notice that (|10.16[l implies 



Y^[K~ s/p {AK) q/v ] m+1 = 1 



m=0 



On the other hand, using Fubini's theorem for series it easily follows that 

M m 

J2 ^{AK) q{m+1)/p K- s{m -' )/v ij, 2 {{AKye\ ) 



m = i = 



< 2{AK) q/p J2{AK) qm/p ii 2 ((AK) m eX ) ■ 

m=0 

Combining the last two inequalities with (| 10.21 1) . and eventually letting M f oo, we 
obtain 

oo 

(AK) qm ^^((AK) m X ) < Ml (A ) + 2(AK) q/p fi 2 (eX ) 

m — l 

oo 

(10.22) +2(AK) q/p J2 {AK) qm/v l i 2 {{AK) m eX a ) . 

m — l 

From now on keep in mind that AK is a constant depending on n,p, L/u, q; without loss of 
generality we assume AK > 2. Now, making a few elementary manipulations on (|10.22[1 
such as jUi(-), M2(') < I-B-RoIj an d using Fubini's theorem, we estimate 

f (fj,+ \Xu\) q dx < cf [M*( M P + \Xu\ p )] q/p dx 

/ X q/p - 1 ^i 1 (X)dX 
Jo 



Ro 



c 
J i 



/ [...]dX + c [...]dX 
Jo J Xo 

m =o J ( A 



r(AK) m + 1 \ 

r\: n/j R „ c v / [...]dA 

i=0 J (AK) m \q 



< 



(10.23) < cA^|B fl0 |+ C A^^(^) 9m/ V2((^) m £ A ) 

m—l 

with c= c(n,p, L/v, q); moreover, (110.19fl yields 

(10.24) K' V \B Ra \<cU (ii p + \Xu\ p )dx] \Bn,.,\ 

y b WORo 
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In turn, again by means of Fubini's theorem and elementary manipulations, we have 

AK 



X q ' p (AK)" m ^ ^([AKr sX ) < £q/p * AK _ 1) J X q/p -^2(X) d\ 

f USD-dan f 

(10.25) <c [M; o/p (\F\ p )] q/p dx < c \F\ q dx, 



where, taking into account the peculiar dependence of s, AK, and also (I10.2|) . it turns out 
that the constant c in the last line depends only on n, p, L/v, q. Connecting (|10.25[) -( |10.24l) 
to (|10.23[) . we finally gain, after further elementary manipulations 

(10.26) (l \Xu\ q dx\ <c(-f (fi p + \Xu\ p ) dx\ +c(l \F\ q dx\ 



We have used again, and repeatedly, the doubling condition (|2.8[1 ; the constant c depends 
on n,p, L/v, q, but not yet on &(■); the dependence on q is such that c blows-up only 
when q f oo. Now notice that the only point to use a ball with small radius Ro in the 
above argumentation was to fulfill the requirement [&]*ooij < e \ therefore estimate (I10.26|l 
continues to hold with Ro replaced by any other smaller radius, and therefore 

(10.27) (l \3Lu\ q dx\ <c(-f (fi p + \£u\ p )dx) +c(l \F\ q dx\ 
\Jb Ri J \Jb W0Ri J \Jb 100Ri J 

holds whenever Ri < Ro and Bioohi Summarizing, we have obtained a first form 

of estimate (|1.23[) . that is (|10.27|l . which is valid for suitably small radii; moreover when 
estimating the left hand side with the right-hand one we pass to an integral supported 
on a ball with radius magnified of a factor 100. In order to derive the precise form (|1.23[1 
we can proceed using a standard covering argument at the end of which we shall get 
the desired estimate, where the constant c will be the one from (I10.27|l . magnified of a 
factor equal to c(n,p,q)(R/Ro)® ( - q ~ p ^ p . Since the radius Ro has been chosen in order to 
verify [6]* oii < £ the final dependence of c on &(•) will follow. We hereby sketch the 
covering argument; we first treat the most relevant case R > Ro. Consider a CC-ball 
Br (e £l' with R > _Ro, and cover B R / 2 with a finite family of CC-balls {Bi} with radius 
equal to i?o/1000, centered in B R / 2 , and such that the enlarged balls have locally finite 
intersection in the following sense: every ball 100-Bi touches at most c(n) of the other ones 
lOOBj, i ^ j. It clearly follows that 100-B,: <s Br. The existence of such a family follows 
considering the structure of the CC-balls; see Section ^. 31 We then apply (|10.27[l on every 
ball Bi - this means we are taking f?i = 7?o/1000 in (|10.27|) - and manipulate as follows: 

/ IXulidx^cf^Y^i \Xu\ q dx 
Jb r/2 V R J i Jb % 

lOOBj 



n J i JlOOBi 

(q-pyp 



<c(^) Ro Qq/p ( [ (v p + \Zu\ p ) dx) " P I (v P + \ZOdx 

V R J \J B R J i JlOOBi 

+c-f \F\ q dx 
Jb r 

(10.28) - C \Jt) (/ (v P + \X<)dxj +cj \F\ q dx, 
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where c = c(n,p, L/v,q). Therefore estimate (11.23P follows in the case _Ro < R- The case 
R < Ro can be treated in a similar way, and it is actually almost contained in (|10.27|l . 
where Ri < Ro'- we only need to pass from a ball -Br/2 to Br instead of passing from 
-Bfl/ioo t° Br as in (|10.27p . This fact can be done via the same covering argument used for 
the case Ro < R, by covering Br/ 2 by small balls with radius i?/1000 and then perform 
the same computation as in (|10.28|) ; this time since the radius of the balls Bi is comparable 
to that of Br, when passing from estimate (|10.27[1 to (|1.23|l the constant will magnify of 
a factor that depends only on n,p,L/v,q but independent of Ro- □ 

Remark 10.1. The argument at the end of the last proof leads to a statement which is dual 
to the one in Theorem 1 1.4 1 Indeed it follows that for every q < oo there exists a constant 
c = c(n,p,L/v,q) and a positive radius Ro = Ro(n,p, L/i>, q, &(•)) such that (|1.23[) holds 
provided R < Ro; this is actually the content of (|1U.27[1 , In this way the constant c is 
independent of &(•), while the dependence on &(■) in the final estimate is shifted in Ro, 
that is "the radius after which estimate (|1.23[) starts to hold" . 

Remark 10.2. The constant appearing in the estimate (|1.23p blow-up when p f 4. As far 
as the dependence on q is concerned, from the proof given we see that c blows-up when 
q /" oo, as it must be, while it remains stable when q \ p. This last fact is basically 
a consequence of the use of Theorem 13.41 to prove (|1.23|l when q is "close" to p - see the 
beginning of the section - and of inequality (|10.2p applied in (|10.25f) . when q is "larger" 
than p. 

11. More equations 

This section should be considered as an appendix to the previous one in that we are 
describing here a few generalizations of the results contained there. To begin with we 
observe that the result of Theorem 11.41 extends to the case of solutions to more general 
equations of the type 

(11.1) div H a(x, Xu) = div H (|F| P ~ 2 F) , 
with the vector field a : fi x R 2n -> R 2n such that 

(11.2) a i— > a(x,z) satisfies (|1.2[) - (|1.3|1 . for every x £ SI , 
and with continuous dependence on the x-variable, that is 

(11.3) \a{x,z) - a(y,z)\ < Lu(d cc (x, y))(ji + \z\Y~ 1 , 

is satisfied for every z € R 2 ™ and x,y € Q, where u> : [0, oo) — > [0, oo) is a continuous, 
non-decreasing function such that u>(0) = 0. The function w(-) is usually called "modulus 
of continuity". The proof of such an extension is very close to the ones already given 
in the previous section and we shall therefore confine ourselves to explaininig the main 
differences, which occur in the following points. 

When using Lemma 110.11 we shall consider as a comparison function v the unique 
solution of the Dirichlet problem 

f div a(x , Xv) = in B R 

\ v = u on 8Br , 

where xo is the center of Br. At this point the statement and the proof of Lemma Il0.ll 
are even simpler, as for instance they do not need the use of Theorem 13.41 for the ease 
of exposition we shall nevertheless refer to the already given proof although it may be 
shortened at some points. Anyway we remark that Theorem 13.41 continues to hold for 
solutions to flll.ip under the considered assumptions. Estimate (|10.5p continues to hold 
in a different form, that is (|11.5p below; this is due to the fact that the comparison estimate 
(|10.7p in Lemma llO.ll has to be replaced by 

+■ \Xu — Xv\ p dx < c+ (a(xo,Xu) — a(xo,Xv),Xu — Xv) dx 

J B R JB R 
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(a(xa, Xu) — a{x, Xu), Xu — Xv) dx 



+cf ( 
Jb r 



\F\ 



F, Xu — Xv) dx =: I + II 



which holds in view of (|11.4[1 . The estimation of I will be done this time using (|11.3[1 , the 
one for // being exactly as in (|10.8[) . This finally yields the estimate 



/ 

J B, 



(11.5) 



\Xu — Xv\ p dx < cslu*(2Ro)+ (^ + \Xu\) p dx 

Jb 2R 

+c 5 [l + uj*(2R )}fl \F\ qo dx 

w B™ i? 



vlla 



where w*Q := [a;(-)] p/(p_1) . Once the comparison estimate is gained we may proceed as 
in the proof of Lemma 110.21 but using the assumption that w*(200J?o) < £ instead of 
Mioo.Ro — £ ' Then, when using the comparison function v, it will be defined as the unique 
solution to (|11.4|1 with 20B = Br and xq is the center of 20B, while the use of (|ll,5|l will 
replace the use of (|10.5|l . This will give the proof of the new version of Lemma 110.21 
Then, proceeding exactly as in the proof of Theorem 1 1.41 we arrive at the following: 



Theorem 11.1. Let u £ HW 1,p (fl) be a weak solution to the equation (|11.1|) under the 
assumptions (|11.2I) - (I11.3|) with 2 < p < 4. Assume that F € L^ oc (tt,R 2n ) for some q > p; 
then Xu £ L' oc (f2, R 2n ). Moreover there exists a constant c, depending only on n,p,L/v,q 
and the function uj( ), such that the inequality (|1.23[) holds for any CC-ball Br <s Q.. 



Again, the dependence on ui(-) in the a priori estimates of Theorem 1 1 1 . 1 l ean be replaced 
as described in Remark llO.il 



Remark 11.1. Theorem 11.41 admits an obvious reformulation in the case the coefficient 
function &(■) in (ll.20|) is assumed to have a properly small BMO norm instead of being 
locally in VMO. Referring to (|2.13jl . the function &(■) is said to have bounded mean 
oscillations provided [&]_R,f2 < oo for some R > 0. Now it is easy too see that in Theorem 
1 1.41 assumption (|1.21|l can be replaced in order to have the following statement: For every 
q < oo there exists e > depending only on n,p,L/v and q such that < e for 

some R > implies Xu G £? oc (0, R 2n ). This comes directly from Lemma 110.21 where 

[&]l00fl 



< e, which is later implied by the VMO condition in the proof of Theorem 11.41 is 



now immediately implied by the global smallness assumption [t>]i?,n < e. 
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